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First	
  excited	
  0+	
  states	
  in	
  nuclei:	
  number	
  of	
  theories	
  slightly	
  less	
  than	
  

the	
  number	
  of	
  states	
  that	
  are	
  experimentally	
  well	
  categorized	
  	
  
	
  

•  Pair	
  excitaQons	
  across	
  closed	
  shells	
  
•  Shape	
  coexistence	
  (intruder	
  states)	
  
•  SymplecQc	
  shell	
  model	
  	
  
•  EllioY	
  SU(3)	
  model	
  
•  Pairing	
  vibraQons	
  in	
  spherical	
  nuclei	
  
•  Pairing	
  isomers	
  in	
  deformed	
  nuclei	
  
•  Dynamic	
  deformaQon	
  theory	
  
•  Beta	
  vibraQons	
  in	
  deformed	
  nuclei	
  
•  Two-­‐phonon	
  quadrupole	
  vibraQons	
  in	
  spherical	
  nuclei	
  
•  Wilets-­‐Jean	
  model	
  seniority-­‐three	
  states	
  
•  CriQcal-­‐point	
  symmetry	
  models	
  
•  Boson	
  expansion	
  theory	
  models	
  
•  InteracQng	
  boson	
  models:	
  coupling	
  of	
  d	
  bosons	
  to	
  J	
  =	
  0	
  

	
  
	
  
	
  

	
  
	
  

"We	
  are	
  to	
  admit	
  no	
  more	
  causes	
  of	
  natural	
  things	
  than	
  such	
  as	
  are	
  both	
  true	
  and	
  sufficient	
  to	
  
explain	
  their	
  appearances.	
  Therefore,	
  to	
  the	
  same	
  natural	
  effects	
  we	
  must,	
  so	
  far	
  as	
  possible,	
  
assign	
  the	
  same	
  causes.”	
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1.9 Shape coexistence in nuclei
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Figure 1.73: The excited states of 16O
showing all known states up to 11.1 MeV
and selected other states. The first ex-
cited state at 6.049 MeV is a 0+ proton-
pair-neutron-pair excitation across the 8-
nucleon shell gaps. Associated with it is
a band of states (shown directly above it)
with spin-parities 2+, 4+, 6+. Their inter-
relationship is supported by gamma-ray de-
cay data for which B(E2) values are given
in Weisskopf units. The close spacing of
the 0+, 2+, 4+, 6+ band members and the
large B(E2) values indicate large deforma-
tion. There is also evidence for a K� = 0�

and a K� = 2+ band. (The states on
the left are believed to be predominantly
non-deformed one-particle-one-hole excita-
tions.) (The data are taken from Tilley
D.R., Weller H.R. and Cheves C.M. (1993),
Nucl. Phys. A564, 1.)
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Figure 1.74: The excited states of 40Ca
showing all known states up to 5.9 MeV and
selected other states. The first excited state
at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a K� = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,�)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21
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Energies	
  of	
  states	
  are	
  given	
  in	
  keV.	
  
	
  
B(E2)	
  values	
  are	
  given	
  in	
  W.u.	
  
	
  
States	
  on	
  the	
  far	
  lel	
  are	
  spherical.	
  
	
  
The	
  beginnings	
  of	
  three	
  deformed	
  
bands,	
  with	
  K	
  =	
  0,	
  0,	
  2,	
  are	
  shown.	
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58

29

<12

9

82

19 7

40 0.3

5.3

38 2.6

<5

<3

6 24

100 100 100 1000+     0 0+     0 0+          0

0+     3353

0+     5212

0+     7301

0+     7702

0+     8276

0+     8439

0+     0 0+     0

0.6

0.5 1750

1220

(3He,n) (p,t) (12C,α)(6Li,d)

36Ar1818
36Ar2018

42Ca2220
40Ca2020

32S1616

Figure 1.75: Multi-nucleon transfer reaction data which reveal the particle-hole structure of low-lying excited
0+ states in 40Ca. The (3He,n) and (p, t) transfer data show that there is little ⇤2p � 2h or ⇥2p � 2h
configuration strength at low energy. The (6Li,d) transfer data show, from the strong population of the first
excited 0+ state at 3.35 MeV, that this state is dominated by a proton-pair-neutron-pair excitation. The
(12C,�) data show, from the strong population of the second excited 0+ state at 5.21 MeV, that this state
is dominated by a two-proton-two-neutron-pair excitation. (Other excited 0+ states in 40Ca are observed at
7815, 8019, and 8484 keV, but are not observably populated in the reactions shown.) (The figure is taken
from Wood J.L. et al. (1992), Phys. Repts. � � � , 101.)

MeV state is smaller than that of the band built on the 3.35 MeV state (note also
the B(E2) value in the band built on the 5.21 MeV state) suggesting that it is more
deformed. In contrast, the 38Ar(3He, n)40Ca and 42Ca(p, t)40Ca reactions indicate
that both the proton pair and the neutron pair excitations lie above 8 MeV (cf. the
neutron pair excitation in 208Pb shown in Figure 1.25 and discussed in Section 1.3).
The implication is that there is a strong attractive interaction between the excited
proton pairs and neutron pairs to explain the low energies of the 3.35 and 5.21 MeV
states.

The above details are consistent with the observation that it is only when both
proton and neutron shells are open that nuclear ground states exhibit deformation32

(cf. Section 1.6.1). In 16O and 40Ca, the excitation of both protons and neutrons
across closed shells33 results in “open-shell-like” structures. The structures under-
lying the shape coexistence in 16O and 40Ca support this view.

Shape coexistence at closed shells is now established for a number of regions.

32de Shalit A. and Goldhaber M. (1953), Phys. Rev. � � , 1211.
33Brown G.E. and Green A.M. (1966), Nucl. Phys. � � , 401.
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0+	
  spherical	
  states	
  at	
  closed	
  shells:	
  	
  
v	
  =	
  0,2	
  (seniority)	
  states	
  @	
  N	
  =	
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N=50:	
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J	
  =	
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  only	
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  to	
  v	
  =	
  0	
  states,	
  at	
  low	
  energy	
  

	
  90Zr	
  E(21+)	
  is	
  high:	
  suggests	
  a	
  closed	
  	
  
subshell,	
  but	
  is	
  due	
  to	
  depression	
  	
  
of	
  the	
  ground-­‐state	
  energy	
  
	
  

subshell occupancies, such as presented in Fig. 37 for the Ge
isotopes. [We note that transition densities deduced from
inelastic electron scattering also can reveal important infor-
mation about differences in the structure of 0þ configurations

(Bazantay et al., 1985).] It is evident that the concept of a
single pairing condensate (single vacuum) upon which all
collectivity is built is probably never realized in nuclei.

A useful overall view of excited 0þ states in nuclei is
presented in Table VII which shows the lowest known cases
across the mass surface. In particular, many of these cases lie
in regions of established shape coexistence and, indeed, have
been identified as coexisting structures.

4. Where to look

Shape coexistence at low energy has now emerged in a
widely spread number of mass regions as the result of a
variety of dominant structural factors. We suggest criteria
for further searches below, but we caution that the historical
record has been rather full of surprises.

The overriding factor that appears to be needed for the
appearance of shape coexistence at low energy is a competi-
tion between an energy gap and a residual interaction that
lowers the energy of configurations involving promotion of
nucleons across the gap.

The occurrence of the ‘‘gap and interaction’’ mechanism
most commonly can arise in singly closed shell regions near
midshell (for the other kind of nucleon) and V!;". The Z ¼ 50
and 82 regions near N ¼ 66 and 104, respectively, are clear
manifestations of this. But this rule needs an exception for the
N ¼ 50 and 82 regions near Z ¼ 39 and 66 where low-energy
shape coexistence is not observed: The suppression effect of
subshell gaps at Z ¼ 40 and 64 appears to be the answer. The
most valuable data in support of this idea are those at Z# 40,
N # 60 as manifested in Figs. 27 and 28 which show that
nuclei at and close to double-subshell gaps can exhibit shape
coexistence via the suppression of ground-state collectivity.
Thus, shape coexistence in the N ¼ 50 and 82 regions needs
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FIG. 50. A similar pattern, as the one in Fig. 49 (the Ni isotopes)
for the N ¼ 50 isotones, also involving the same shell-model
orbitals. The data are from Nuclear Data Sheets.

TABLE VI. Mixing strength (in units of keV) used in the description of energy, decay, and transfer
reaction properties of coexisting structures.

Isotope Vmix Quantities fitted Reference

72Kr 310 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
74Kr 340 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
76Kr 250 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
78Kr 200 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
98Sr 67 E, BðE2Þ, #2ðE0Þ Mach et al., 1989

34 BðE2Þ, #2ðE0Þ Wu, Hua, and Cline, 2003
100Zr 115 E, BðE2Þ, #2ðE0Þ Mach et al., 1989

88 BðE2Þ, #2ðE0Þ Wu, Hua, and Cline, 2003
98Mo 326 BðM1Þ Rusev et al., 2005
100Mo 321 BðM1Þ Rusev et al., 2005
112;114Cd 297 $ðt; pÞ O’Donnell, Kotwal, and Fortune, 1988
152Sm 310 #2ðE0Þ Kulp et al., 2007
176Pt 180 E Dracoulis et al., 1986
178Pt 210 E Dracoulis et al., 1986
180Pt 220 E Dracoulis et al., 1986
182Pt 230 E Dracoulis et al., 1986
184Pt 240 E Dracoulis et al., 1986
186Pt 220 E Dracoulis et al., 1986
188Pt 400 E Dracoulis et al., 1986
192Pb 52 BðE2Þ, #2ðE0Þ Van Duppen, Huyse, and Wood, 1990
194Pb 51 BðE2Þ, #2ðE0Þ Van Duppen, Huyse, and Wood, 1990

Kris Heyde and John L. Wood: Shape coexistence in atomic nuclei 1507
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0+	
  states	
  in	
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  and	
  …?	
  	
  

The	
  relaHvely	
  high	
  E(21+)	
  value	
  in	
  
68Ni	
  is	
  probably	
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closed	
  subshell	
  

0+	
  states	
  @	
  1770,	
  2512	
  keV:	
  
	
  	
  spherical,	
  deformed?	
  

to understanding 0þ states in nuclei. Table VI shows a sample
of mixing strengths across the mass surface, deduced from
various spectroscopic data. As for the E0 transition rates, an
expression for the BðE2Þ reduced transition probability can be
derived using a simple two-level model as described in
Sec. III.A.1 which can be used to extract a mixing matrix
element. Combining the known experimental data such as the
excitation energy, BðM1Þ, BðE2Þ, !2ðE0Þ values, and transfer
data, it is possible to extract a mixing matrix element.
Differences in mean-square radii for the mixing configura-
tions can sometimes be deduced from isotope shifts,
cf. Figs. 26 and 33, and occasionally from isomer shifts
(Wu and Wilets, 1969). To fully understand 0þ states in
nuclei, a systematic mapping of E0 transition strength is
needed (this should also include !J ¼ 0 transitions between
states with J ! 0).

Other spectroscopic fingerprints that need to be considered
in the interpretation of excited 0þ states are one-, two-,
and four-nucleon transfer reactions. Examples of two- and
four-nucleon transfer data are shown in Figs. 29, 30, and 36.
One-nucleon transfer data have hardly ever been considered,
although strong warnings have been given regarding their
importance, e.g., for the N ¼ 90 nucleus 154Gd (Burke,
Waddington, and Jolly, 2001; Garrett, 2001), cf. Sec. III.A.4,
and note the above-cited example of 110Cd. Indeed, what is
really needed for an understanding of 0þ states are maps of

FIG. 48 (color online). Illustration of the concept of ‘‘multishells.’’ Removal of a closed-shell ‘‘line’’ between two open-shell regions
creates an open multishell region. For Z ¼ 82 this provides an explanation of the extreme deformation associated with the coexisting states
observed in the Hg and Pb isotopes. This perspective may also provide an explanation of the mass regions where superdeformation is
observed. The superscripts, e.g., [2, 1] attached to 186Pb½2;1&, indicate the number of proton and neutron ‘‘regular’’ shells forming the
multishells as shown by the diagonal lines passing through the location of the isotope. The region boxed in the lower left-hand corner contains
mainly N ¼ Z line cases, i.e., ‘‘symmetric’’ cases; the region boxed in the upper right-hand corner contains only asymmetric cases.
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FIG. 49. Systematics of the low-lying positive-parity states in
68–76Ni shown relative to the ð1g9=2Þn, J ¼ 8 states. The pattern

shows that in 68Ni the 0þ2 state results from a strong mixing between

configurations involving different pair occupancies of the 1g9=2 and
2p1=2, 2p3=2, and 1f5=2 orbitals (cf. Fig. 37). The data are from

Nuclear Data Sheets.
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FIG. 1. Partial level scheme of 68Ni. Arrow widths are propor-
tional to the branching ratios measured in the DIS data. Spins
and parities are taken from Refs. [5,9,15,16] and half-lives from
Refs. [15,16]. The dashed line marked PP(511) denotes the E0 decay
by pair production (see text).

configurations. Results presented here originate from two
in-beam spectroscopy experiments that complement the infor-
mation obtained from decay spectroscopy [10] and provide a
comprehensive picture of the low-lying level structure of 68Ni.
The relevant details are summarized in the partial level scheme
of Fig. 1. The decay patterns of several states are examined
in terms of relative B(E2) strengths, in order to investigate
further the intrinsic structures involved. These results provide
additional tests for modern shell-model calculations that also
aim to describe exotic nuclei in the fpg9/2(d5/2) valence space.

Excited states in 68Ni were populated in two experiments
involving different reaction mechanisms. At the ATLAS
facility at Argonne National Laboratory, a 440-MeV 70Zn
beam was directed onto a 208Pb target that was sufficiently thick
to stop all reaction products in the center of the Gammasphere
array of 100 Compton-suppressed high-purity germanium
(HPGe) detectors [17]. Details of the experimental setup are
provided in Ref. [5]. There are two key features relevant to
the present discussion: (i) the time structure of the beam, with
0.3-ns beam pulses every 412 ns enabling prompt and delayed
tagging of γ rays, and (ii) the excitation of cross-coincident
partner nuclei in the DIS process, specifically the population
of Po isotopes with A ! 210 for 68Ni.

68Ni was also produced in two-neutron knockout (2nKO)
reactions at the Coupled Cyclotron Facility of the National
Superconducting Cyclotron Laboratory (NSCL). A secondary
cocktail beam containing 70Ni, 69Co, and 71Cu ions was
produced in the projectile fragmentation of a 140-MeV/u 82Se
beam on a 423-mg/cm2 9Be production target located at the
entrance of the A1900 fragment separator [18]. The momen-
tum acceptance of the separator was set to 1%. Secondary
beams with typical intensities of 105 ions/s were delivered

to the experimental area and impinged upon a 281-mg/cm2

9Be reaction target located at the pivot point of the S800
spectrograph [19] to induce knockout reactions at a midtarget
energy of 75 MeV/u. Reaction products were identified on
an event-by-event basis at the S800 focal plane [19]. The
high-resolution γ -ray detection system GRETINA [20,21],
an array of 36-fold segmented HPGe detectors, surrounded
the S800 target position and was used to detect prompt γ rays
emitted by the projectile-like reaction residues. The GRETINA
quadruple-crystal detector modules were arranged in two
rings, with four detectors located at 58◦ and three at 90◦ with
respect to the beam axis. Signal decomposition [21] provided
sub-segment spatial resolution used for the event-by-event
Doppler reconstruction of the γ rays emitted in flight by
the projectile-like reaction products. The photopeak efficiency
of the detector array was calibrated with standard sources
and corrected for the Lorentz boost of the γ -ray distribution
emitted by the recoils moving at velocity 0.38c. Finally,
delayed γ rays could also be identified within a 0.4- to 25-µs
time window following implantation of the ions in an Al plate
in front of a 4 × 8 array of CsI(Na) detectors located behind
the focal plane of the S800 spectrograph [22,23].

With the ∼50-ns flight time for 68Ni ions through the S800
spectrograph, it was possible to correlate isomeric decays
measured using the CsI(Na) detectors with prompt γ rays at
the target position. Figure 2(a) presents the CsI(Na) spectrum
measured in coincidence with 68Ni, 2nKO-reaction fragments
wherein a 511-keV peak is observed. A 511-keV line is
expected following decay of the 0+

2 isomer via pair production
(PP). Gating on the 511-keV γ ray in the CsI(Na) scintillators
returns the coincidence spectrum of Fig. 2(b), revealing prompt
663(1)- and 1139(1)-keV transitions detected by GRETINA.
The former had been identified in Ref. [5] as feeding the 2+

2
level at 2743 keV (see Fig. 1). A transition with the latter
energy had been reported in the β-decay work of Ref. [4],
but no coincidence relationships were observed. At the time,
the large systematic offset in the 68Ni 0+

2 energy had not
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FIG. 2. (Color online) Spectra from the 2nKO data. (a) Delayed
γ -ray spectrum recorded in the CsI(Na) scintillators in coincidence
with implanted 68Ni ions. Inset: decay curve for the 511-keV line.
(b) Prompt GRETINA spectrum coincident with the identification of
a 68Ni recoil and the detection of a delayed 511-keV γ ray in the
CsI(Na) detectors.
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to understanding 0þ states in nuclei. Table VI shows a sample
of mixing strengths across the mass surface, deduced from
various spectroscopic data. As for the E0 transition rates, an
expression for the BðE2Þ reduced transition probability can be
derived using a simple two-level model as described in
Sec. III.A.1 which can be used to extract a mixing matrix
element. Combining the known experimental data such as the
excitation energy, BðM1Þ, BðE2Þ, !2ðE0Þ values, and transfer
data, it is possible to extract a mixing matrix element.
Differences in mean-square radii for the mixing configura-
tions can sometimes be deduced from isotope shifts,
cf. Figs. 26 and 33, and occasionally from isomer shifts
(Wu and Wilets, 1969). To fully understand 0þ states in
nuclei, a systematic mapping of E0 transition strength is
needed (this should also include !J ¼ 0 transitions between
states with J ! 0).

Other spectroscopic fingerprints that need to be considered
in the interpretation of excited 0þ states are one-, two-,
and four-nucleon transfer reactions. Examples of two- and
four-nucleon transfer data are shown in Figs. 29, 30, and 36.
One-nucleon transfer data have hardly ever been considered,
although strong warnings have been given regarding their
importance, e.g., for the N ¼ 90 nucleus 154Gd (Burke,
Waddington, and Jolly, 2001; Garrett, 2001), cf. Sec. III.A.4,
and note the above-cited example of 110Cd. Indeed, what is
really needed for an understanding of 0þ states are maps of

FIG. 48 (color online). Illustration of the concept of ‘‘multishells.’’ Removal of a closed-shell ‘‘line’’ between two open-shell regions
creates an open multishell region. For Z ¼ 82 this provides an explanation of the extreme deformation associated with the coexisting states
observed in the Hg and Pb isotopes. This perspective may also provide an explanation of the mass regions where superdeformation is
observed. The superscripts, e.g., [2, 1] attached to 186Pb½2;1&, indicate the number of proton and neutron ‘‘regular’’ shells forming the
multishells as shown by the diagonal lines passing through the location of the isotope. The region boxed in the lower left-hand corner contains
mainly N ¼ Z line cases, i.e., ‘‘symmetric’’ cases; the region boxed in the upper right-hand corner contains only asymmetric cases.
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FIG. 49. Systematics of the low-lying positive-parity states in
68–76Ni shown relative to the ð1g9=2Þn, J ¼ 8 states. The pattern

shows that in 68Ni the 0þ2 state results from a strong mixing between

configurations involving different pair occupancies of the 1g9=2 and
2p1=2, 2p3=2, and 1f5=2 orbitals (cf. Fig. 37). The data are from

Nuclear Data Sheets.
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FIG. 1. Partial level scheme of 68Ni. Arrow widths are propor-
tional to the branching ratios measured in the DIS data. Spins
and parities are taken from Refs. [5,9,15,16] and half-lives from
Refs. [15,16]. The dashed line marked PP(511) denotes the E0 decay
by pair production (see text).

configurations. Results presented here originate from two
in-beam spectroscopy experiments that complement the infor-
mation obtained from decay spectroscopy [10] and provide a
comprehensive picture of the low-lying level structure of 68Ni.
The relevant details are summarized in the partial level scheme
of Fig. 1. The decay patterns of several states are examined
in terms of relative B(E2) strengths, in order to investigate
further the intrinsic structures involved. These results provide
additional tests for modern shell-model calculations that also
aim to describe exotic nuclei in the fpg9/2(d5/2) valence space.

Excited states in 68Ni were populated in two experiments
involving different reaction mechanisms. At the ATLAS
facility at Argonne National Laboratory, a 440-MeV 70Zn
beam was directed onto a 208Pb target that was sufficiently thick
to stop all reaction products in the center of the Gammasphere
array of 100 Compton-suppressed high-purity germanium
(HPGe) detectors [17]. Details of the experimental setup are
provided in Ref. [5]. There are two key features relevant to
the present discussion: (i) the time structure of the beam, with
0.3-ns beam pulses every 412 ns enabling prompt and delayed
tagging of γ rays, and (ii) the excitation of cross-coincident
partner nuclei in the DIS process, specifically the population
of Po isotopes with A ! 210 for 68Ni.

68Ni was also produced in two-neutron knockout (2nKO)
reactions at the Coupled Cyclotron Facility of the National
Superconducting Cyclotron Laboratory (NSCL). A secondary
cocktail beam containing 70Ni, 69Co, and 71Cu ions was
produced in the projectile fragmentation of a 140-MeV/u 82Se
beam on a 423-mg/cm2 9Be production target located at the
entrance of the A1900 fragment separator [18]. The momen-
tum acceptance of the separator was set to 1%. Secondary
beams with typical intensities of 105 ions/s were delivered

to the experimental area and impinged upon a 281-mg/cm2

9Be reaction target located at the pivot point of the S800
spectrograph [19] to induce knockout reactions at a midtarget
energy of 75 MeV/u. Reaction products were identified on
an event-by-event basis at the S800 focal plane [19]. The
high-resolution γ -ray detection system GRETINA [20,21],
an array of 36-fold segmented HPGe detectors, surrounded
the S800 target position and was used to detect prompt γ rays
emitted by the projectile-like reaction residues. The GRETINA
quadruple-crystal detector modules were arranged in two
rings, with four detectors located at 58◦ and three at 90◦ with
respect to the beam axis. Signal decomposition [21] provided
sub-segment spatial resolution used for the event-by-event
Doppler reconstruction of the γ rays emitted in flight by
the projectile-like reaction products. The photopeak efficiency
of the detector array was calibrated with standard sources
and corrected for the Lorentz boost of the γ -ray distribution
emitted by the recoils moving at velocity 0.38c. Finally,
delayed γ rays could also be identified within a 0.4- to 25-µs
time window following implantation of the ions in an Al plate
in front of a 4 × 8 array of CsI(Na) detectors located behind
the focal plane of the S800 spectrograph [22,23].

With the ∼50-ns flight time for 68Ni ions through the S800
spectrograph, it was possible to correlate isomeric decays
measured using the CsI(Na) detectors with prompt γ rays at
the target position. Figure 2(a) presents the CsI(Na) spectrum
measured in coincidence with 68Ni, 2nKO-reaction fragments
wherein a 511-keV peak is observed. A 511-keV line is
expected following decay of the 0+

2 isomer via pair production
(PP). Gating on the 511-keV γ ray in the CsI(Na) scintillators
returns the coincidence spectrum of Fig. 2(b), revealing prompt
663(1)- and 1139(1)-keV transitions detected by GRETINA.
The former had been identified in Ref. [5] as feeding the 2+

2
level at 2743 keV (see Fig. 1). A transition with the latter
energy had been reported in the β-decay work of Ref. [4],
but no coincidence relationships were observed. At the time,
the large systematic offset in the 68Ni 0+

2 energy had not
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FIG. 2. (Color online) Spectra from the 2nKO data. (a) Delayed
γ -ray spectrum recorded in the CsI(Na) scintillators in coincidence
with implanted 68Ni ions. Inset: decay curve for the 511-keV line.
(b) Prompt GRETINA spectrum coincident with the identification of
a 68Ni recoil and the detection of a delayed 511-keV γ ray in the
CsI(Na) detectors.
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1.9 Shape coexistence in nuclei

For example, the systematics of deformed bands in the doubly-even tin isotopes
are shown in Figure 1.76 (cf. also Figure 1.29). Transfer reactions again reveal the
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role of J = 0 pairs of nucleons excited across closed shells in the formation of these
states: Figure 1.77 shows the population of states in 116Sn by the (3He, n) reaction;
Figure 1.78 shows the states populated by the 115In(3He, d)116Sn reaction. In the
latter case, the strongly-populated states are proton one-particle-one-hole states
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Figure 1.77: The spectrum of neutrons ob-
served (by time-of-flight) in the two-proton
stripping reaction 114Cd(3He,n)116Sn at an
angle of 0� with respect to the 3He beam
at a bombarding energy of 25.4 MeV. The
peak labelled 1.84 MeV corresponds to the
excited 0+ state in 116Sn at 1757 keV and
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(isotope shift) and between the ground state and isomeric
state of 185Hg (isomer shift) is directly related to large
differences in nuclear deformation. The key prerequisite for
a measurable mean-square charge radius is that the nuclear
species, ground state or isomeric state, live long enough to be
isolated for optical hyperfine spectroscopic measurements.

Further discussion of the structure of 185Hg and the fact that
its neighbors do not have reported isomer shifts is taken up
shortly. Other occurrences of large isotope and isomer shifts
are described later.

The emerging picture in the Hg isotopes (Z ¼ 80) (see
Fig. 10) raised the question of the survival of the Z ¼ 82
closed shell in this region. This led to intensive study of the
even- and odd-Pb isotopes. A landmark paper was the obser-
vation of multiple low-lying excited 0þ states in 186Pb using
!-decay spectroscopy of 190Po (Andreyev et al., 2000). The
discovery of a spherical high-spin isomeric state and two
deformed, high-K isomeric states in 188Pb was instrumental
in characterizing the presence of coexisting nuclear shapes
(Dracoulis, 2000) as shown in Fig. 11.

!-decay spectroscopy, combined with in-beam "-ray spec-
troscopy, particularly using recoil-decay tagging (Paul et al.,
1995), has led to a clear picture of coexisting states in the
even- and odd-mass Pb isotopes (Julin, Helariutta, and
Muikku, 2001) and is shown in Figs. 12 and 13, respectively.

Figure 12 reveals that three coexisting structures
(cf. Fig. 11) occur systematically in the even-Pb isotopes.
This can be discerned from the dashed lines connecting the
various states in these isotopes. In 188Pb the two deformed
structures are connected by E0 transitions (Dracoulis et al.,
2003) and in 194;196Pb one of the deformed structures and
the spherical structure are connected by E0 transitions

FIG. 11. Schematic view of characteristic states, in particular,
emphasizing high-spin isomeric states, as indicators of shape coex-
istence (‘‘high-M’’ should read ‘‘high-J’’). From Dracoulis, 2000.
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SystemaQc	
  of	
  E(21+)	
  for	
  N	
  ≥	
  50,	
  Z	
  ≤	
  50	
  :	
  
96Zr	
  is	
  a	
  double-­‐closed	
  subshell	
  

	
  



Shape	
  coexistence	
  at	
  and	
  near	
  closed	
  subshells:	
  
the	
  nuclei	
  96Sr	
  and	
  98Zr	
  

Figure	
  from	
  K.	
  Heyde	
  and	
  J.L.	
  Wood,	
  Rev.	
  Mod.	
  Phys.	
  83,	
  1467	
  (2011)	
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96Zr:	
  a	
  nucleus	
  that	
  deserves	
  detailed	
  study	
  
using	
  mulQple	
  spectroscopic	
  techniques	
  

The fact that it is the first-excited state in this nucleus
means that it is unlikely to be a ‘‘quadrupole collective’’
excitation. This resulted in a program of single-nucleon
and multinucleon transfer reaction spectroscopy, particu-

larly by Vergnes and co-workers and Fortune and co-
workers, which, in its details, is unequalled anywhere
else on the nuclear mass surface. Figures 35–37 summa-
rize this.
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FIG. 30. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Mo isotopes, given relative to 100% for 0þ1 states (NS ¼
not seen). The data are from Nuclear Data Sheets.

FIG. 31. Systematics of low-lying collective states in the N ¼ 60 isotones. Light vertical arrows show selected transitions with their BðE2Þ
values, and heavy vertical arrows show selected transitions with their !2ðE0Þ % 103 values. The data are from Kibédi and Spear (2005),
Srebrny et al. (2006), and Nuclear Data Sheets.
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FIG. 29. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Zr isotopes, given relative to 100% for 0þ1 states. The strengths
marked a) are from (6Li, 8B) reactions, and b) are from (14C, 16O) reactions. The data are from references given in Nuclear Data Sheets.
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Fig. 1. Angle integrated (9 °, 13 °, 17 °, 21 °, 25 °) spectra from the 94,96,98,1°0Mo(d, 6Li) reactions. 

Table 1 

Optical model parameters. Potentials in MeV, lengths in fro. 

V r e a W W'= 4 W D rb a' Vso rso aso roe 

d a) 76.96 1.25 0.7 42.0 1.25 0.86 6.0 1.25 0.7 1.3 

6Li b) 240.0 1.45 0.6 15.0 1.7 0.9 1.3 

"a" 1.3 0.73 

a) Ref. [111 . 

b) Ref. [12], however, r o increased from 1.3 to 1.45 to fitL = 0 data. 
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excitation. This resulted in a program of single-nucleon
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larly by Vergnes and co-workers and Fortune and co-
workers, which, in its details, is unequalled anywhere
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rize this.

Mo
92 94 96

98

98

90 92 94 96
Zr

Ru

0
NS

+
2

52%

100

100

102

102

104

17% 35% 3%

9%

47% 9% 18%

94 96

FIG. 30. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Mo isotopes, given relative to 100% for 0þ1 states (NS ¼
not seen). The data are from Nuclear Data Sheets.

FIG. 31. Systematics of low-lying collective states in the N ¼ 60 isotones. Light vertical arrows show selected transitions with their BðE2Þ
values, and heavy vertical arrows show selected transitions with their !2ðE0Þ % 103 values. The data are from Kibédi and Spear (2005),
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94Zr	
  from	
  two	
  structural	
  perspecQves:	
  vibrator	
  
OR	
  coexisQng	
  seniority	
  and	
  deformed	
  structures	
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  02+	
  states	
  and	
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  in	
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  isotopes,	
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A	
  deformed	
  structure	
  can	
  intrude	
  to	
  become	
  a	
  ground	
  state:	
  
	
  appears	
  to	
  produce	
  a	
  “collecQve	
  phase	
  change”	
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%'(-7,6*'*-0(&07&6+'8,&90,:-6*,(9,&

Proton particle-hole excitations across the Z = 64 gap may be the 
source of the coexisting shapes.

There is no a priori way to determine the nature of the 
unmixed configurations or the strength of the mixing.
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Less-deformed 2h and more-
deformed 2p-4h structures 
coexist at low energy at N=90.

Strong mixing obscures the 
energy differences that are 
indicative of different shapes.

Strong E0 transitions are a key 
signature of the mixing of 
coexisting structures.

As observed, the K=2 bands 
will also mix strongly, resulting 
in E0 transitions.
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Collective states in 104Ru and 108Pd from multi-Coulex 
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Systematics of low-lying collective states in N=60 isotones 
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Shape	
  coexistence	
  in	
  the	
  N	
  =	
  90	
  isotones:	
  
	
  revealed	
  by	
  E0	
  transiQon	
  strengths	
  

Strong mixing of coexisting shapes produces strong electric monopole 
(E0) transitions and identical bands.

E0 strength is a function of mixing.
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Pairing	
  isomers	
  in	
  the	
  N	
  =	
  90	
  isotones:	
  
	
  152Sm	
  and	
  154Gd	
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Nilsson	
  intruders	
  in	
  the	
  rare-­‐earth	
  region:	
  
possible	
  origin	
  of	
  pairing	
  isomers	
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FI GURE 7 
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i nt r ude r  s f 651 ar e  l i mi t e d t o a f e w pos s i bl e  i de nt i f i c at i ons  of  t he  
s t at e  i n t he  r e gi on of  I aoHf .  For  ot he r  de t ai l s ,  s e e  t he  c apt i on t o 
f i g.  5.  
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not e d f or  t he  ac t i ni de  r e gi on i n Se c t i on 2. 1,  t hr e e  ar e  obs e r ve d t o oc c ur  i n 
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24 i n t he  ac t i ni de s  i s  par al l e l l e d i n t he  r e gi on of  I s oDy i n t he  r ar e  e ar t hs  . 

The  s t r ong popul at i on of  e xc i t e d Of  s t at e s  i n t he  ( d,  %i )  r e ac t i on i s  

obs e r ve d2'  t o oc c ur  f or  l s 4Sm( d,  6Li ) 1s 0Nd.  Fi nal l y,  i n t he  r e gi on 146Ba -  

l SoNd,  e xc i t e d Ot  s t at e s  ar e  obs e r ve d t o de - e xc i t e  by s t r ong El  t r ans i t i ons  t o 

r e l at i ve l y l ow- l yi ng l -  s t at e s  ( s e e  e . g. ,  r e f .  26) .  

Whi l e  i t  i s  not  pos s i bl e ,  at  pr e s e nt ,  t o dr aw f ur t he r  par al l e l s  be t we e n 

s uc h phe nome na i n t he  ac t i ni de  and r ar e  e ar t h r e gi ons ;  a numbe r  of  i mpor t ant  

poi nt s  c an be  made  t hat  ar e  c r uc i al  t o s t udyi ng an I BA de s c r i pt i on of  t he  r ar e -  

e ar t h r e gi on.  Re c e nt l y,  t he  r ar e  e ar t h r e gi on has  be e n de s c r i be d by a ve r y 

"c ompac t " c as e  of  t he  I BA ( s e e  r e f .  27 and r e f e r e nc e s  t he r e i n) .  Spe c i f i c al l y,  

Figure	
  from:	
  
J.L.	
  Wood,	
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FIGURE 5 
Pr ot on and ne ut r on i nt r ude r  s t at e s  i n t he  ac t i ni de  r e gi on.  The  dat a ar e  
s hown as  e xc i t at i on e ne r gy c ont our s .  Onl y dat a f or  vf 501 and 1&' 400 
ar e  us e d.  The s e  dat a ar e  t ake n f r om r e f .  13.  The  das he d c ont i nuat i on of  
t he  c ont our  l i ne s  i s  pur e l y s pe c ul at i ve  and i s  onl y i nc l ude d t o he l p 
vi s ual i z e  t he  s ys t e mat i c s  ( s e e  al s o f i g.  7) .  

e l e me nt s  f or  s c at t e r i ng pai r s  f r om "ups l opi ng" t o "downs l opi ng" or bi t al s ,  i . e . ,  

f r om "abl at e " t o "pr ol at e " or bi t al s  i n a Ni l s s on di agr am.  Thi s  r e s ul t s  ( among 

ot he r  e f f e c t s )  i n t he  ~de c oupl i ng~ of  pai r  c onf i gur at i ons  i nvol vi ng i nt r ude r  

or bi t al s  ( e . g. ,  ~~~501,  &+400)  f r om pai r  c onf i gur at i on5 i nvol vi ng val e nc e  

s he l l  or bi t al s ,  t hus  gi vi ng r i s e  t o pai r  e xc i t at i on phe nome na of  t he  t ype  s e e n 

i n t he  ac t i ni de  ( p, t )  and ( t , p)  e xpe r i me nt s .  

I t  i s  i nf or mat i ve  t o l ook at  t he  "t ypi c al " f e at ur e s  of  t he  l ow- e ne r gy 

e xc i t at i on s pe c t r um of  a de f or me d e ve n- e ve n ac t i ni de  nuc l e us .  Thi s  i s  s hown i n 

f i g.  4.  Mos t  not abl y,  t he  f i r s t  K" = 0'  e xc i t e d band wi de l y s hows  t he  ne ut r on 

pai r  e xc i t at i on c har ac t e r  di s c us s e d above .  The  f i r s t  K" = Zt  band has  t he  

pr ope r t i e s  of  a c onve nt i onal  "y'  band and t he  s e c ond K" = Ot  e xc i t e d band 

appe ar s  t o have  t he  pr ope r t i e s  of  a c onve nt i onal  "8" band ( t he s e  bands  ar e  

di s c us s e d i n Se c t i on 2. 2) .  Mos t  pe c ul i ar l y,  i n 228Ra,  228y230Th and 23' +U t he  

s e c ond K'  = 2'  band i s  obs e r ve d t o de c ay by s t r ong l ow- e ne r gy EO t r ans i t i ons  

t o t he  f i r s t  Kn = 2+ band.  At  pr e s e nt  t he  dat a ( t ake n f r om t he  r e s pe c t i ve  

Nuc l e ar  Dat a She e t s  f or  t hos e  e ve n- e ve n ac t i ni de s  i n whi c h an ade quat e  c har ac -  

t e r i z at i on of  t he  l ow- e ne r gy e xc i t at i on s pe c t r um i s  avai l abl e )  ar e  l i mi t e d t o 

Figure	
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FI GURE 4 
A "t ypi c al " l ow- e ne r gy c ol l e c t i ve  s pe c t r um f or  an e ve n ac t i ni de  nuc l e us  
( pos i t i ve  par i t y s t at e s  onl y) .  The  dat a ar e  t ake n f r om r e f s .  8,  9,  12 
and t he  r e s pe c t i ve  Nuc l e ar  Dat a She e t s .  

2+ and KT = 22+ bands .  
The r e  ar e  no B( E2)  dat a avai l -  

abl e  f or  t he  K" = 0 

ar e  we ak.  In t hi s  s i t uat i on t he  i nt r ude r  pai r  c onf i gur at i ons  wi l l  qi ve  r i s e  t o 

an e xc i t e d O+ s t at e  t hat  doe s  not  mi x s t r ongl y wi t h val e nc e  ne ut r ons  or  pr ot ons ,  

and whi c h wi l l  be  s t r ongl y popul at e d i n ne ut r on pai r ,  pr ot on pai r  or  a c l us t e r  

pi c kup r e ac t i ons .  The  i nf or mat i on on pr ot on and ne ut r on i nt r ude r  s t at e s  i n t he  

ac t i ni de  r e gi on ar e  s hown i n f i g.  5.  The r e  i s  e vi de nt l y a s t r ong c or r e l at i on 

be t we e n t he s e  i nt r ude r  s t at e s  and t he  l oc at i on of  t he  obs e r ve d e nhanc e d ( d,  6Li )  

c r os s  s e c t i ons  ( 22*Ra:  Z = 88,  N = 140;  234Th:  Z = 90,  N = 144) .  

Thos e  i de as  appe ar  t o be  c ont r ar y t o t he  c onve nt i onal  vi e wpoi nt  t hat  i n 

s t r ongl y de f or me d nuc l e i  t he  mot i on of  i ndi vi dual  nuc l e ons  i s  domi nat e d by t he  

de f or me d ave r age  s i ngl e - par t i c l e  f i e l d ( ASPF) ,  t hus  r e s ul t i ng i n t he  l os s  of  al l  

e f f e c t s  due  t o t he  s he l l  s t r uc t ur e  as s oc i at e d wi t h t he  s phe r i c al  ASPF.  Thi s  

c onve nt i onal  vi e w c ome s  about  mai nl y be c aus e  a monopol e  pai r i ng f or c e  has  be e n 

us e d wi de l y i n de s c r i bi ng t he  ( r e s i dual )  c or r e l at i ons  of  t he  nuc l e ons  i n t he  

de f or me d ASPF.  Thi s  r e s ul t s  i n s t r ong mi xi ng of  al l  J = 0 pai r  c onf i gur at i ons  

ne ar  t o t he  f e r mi  e ne r gy,  t hus  "s me ar i ng out " pai r  c onf i gur at i ons  di s t i ngui s he d 

by t he i r  maj or  s he l l  par e nt age .  Howe ve r ,  t he  ne e d t o i nc l ude  a quadr upol e  

pai r i ng f or c e  has  be e n s ugge s t e d:  t hi s  was  f i r s t  i nt r oduc e d i n c e r t ai n at t e mpt s  
t o e xpl ai n t he  ( p, t )  and ( t , p)  t r ans f e r  r e ac t i on e xpe r i me nt s  on ac t i ni de  nuc l e i  

( s e e  r e f .  11 and r e f e r e nc e s  t he r e i n f or  a di s c us s i on of  t hi s ) .  The  e f f e c t  of  

addi ng a quadr upol e  c ompone nt  t o t he  pai r i ng f or c e  i s  t o r e duc e  t he  mat r i x 

Figure	
  from;	
  J.L.	
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The a-cluster pickup reaction (d, 'Li) has been studied at E„=55 MeV on targets of '"Th and '"U. Members of
the ground-state rotational bands in "'Ra and '"Th are excited and absolute reduced a widths obtained from finite-
range distorted-wave analysis are in good agreement with values deduced from a decay. In addition three excited
groups of states are very strongly populated in both nuclei with spectroscopic strength per group comparable with
those of the respective ground state bands. These groups are apparently excited rotational bands with band heads at
E, = 700~40, 1070+60, and 1390+60 keV in "'Ra and E„=810+30, 1150+40, and 1470~40 keV in '"Th.
The selective and strong excitation in this particular multi-nucleon transfer reaction of several excited bands is not
predicted by existing theoretical models. An attempt has been made to describe the systematics of excited 0+ states
in the actinide region with the interacting boson model. Excitation energies are reasonably well described but
intruder states are present and transfer strengths are not reproduced properly. The observation of strong a-cluster
pickup to excited rotational bands suggests coherent contributions from both neutron and proton pair excitations
which can lead to strong four-body correlations and/or to new types of collective excitations which favor quartet
structure. It is found that about 25% of the nuclear charge (matter) at r 10.6 fm must be associated with a
particles. This high a-clustering probability indicates a-particle condensation in low-density nuclear matter.

NUCLEAR REACTIONS Th 3 U(d Li}, F= 54.8 MeV; measured 0(0};DWBA
analysis Ra, +Th deduced levels, S, y~ (10.5 fm}, Q. -clustering probabili-

ties.

I. INTRODUCTION

Calculations' with simple shell-model configu-
rations explain relative +-spectroscopic effects
in heavy nuclei very well, but absolute reduced
n widths deduced from n decay (and a transfer)
are usually underpredicted by several orders of
magnitude unless extensive configuration mixing
is introduced. ' Such mixing and the associated
strong a-particle clustering in the surface of
heavy nuclei results from the nature of the inter-
actions between nucleons which is respondibl. e for
two-proton two-neutron (and other) correlations. ' '
Experimental absolute reduced n widths for

heavy nuclei have been deduced almost entirely
from n-decay data. Only in recent years have
direct n-transfer reactions such as (d, 'Li) and
('"0,"C) been performed' "for nuclei with A
+ 100. Absolute reduced n widths can be extract-
ed from reaction analyses' '"when the transfer
proceeds predominantly by a direct one-step

mechanism. Direct n transfer extends the study
of a-like correlations to the region of stable
nuclei. Moreover, spectroscopic information be-
comes available for excited states, whereas n-
decay data are often limited to low excited states
due to the strong energy dependence of the e-par-
ticle penetrability. Multiparticle multihole and
other more complicated excitations can hence be
studied via n transfer.
The (d, 'Li) reaction is a particularly useful

reaction since 0' -0' transitions display charac-
teristic diffractive angular distributions even for
the heaviest nuclei. Although cross sections de-
crease strongly with target mass, 4 problems due
to target contaminants are minimal because of the
increasingly positive Q values.
Low excited 0' states in the actinide region are

currently the subject of experimental and theore-
tical studies. "" Such states have been observed"
via (p, t) with typically 15/~ of the ground state
cross section. No such transitions are usually

]01 1981 The American Physical Society
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band, of up to !40%. Table I shows the largest differences
known for the rare-earth region. In the table we show all
known excited K ¼ 0 bands with rotational energy spacing
significantly different from the ground-state band. The
‘‘rank’’ i of each band is indicated: i ¼ 1, ground-state
band; i ¼ 2, first-excited K ¼ 0 band, etc.; a missing rank
number means that the K ¼ 0 band has a similar rotational
spacing to the ground-state band. The most extreme varia-
tions are indicated by ratios r defined in the caption. Note that
bands with rotational spacing significantly greater than the
ground-state band, given at the end of the second column, all
occur in nuclei at the ‘‘edges’’ of the deformed rare-earth
region, i.e., they are consistent with the intrusion of less-
deformed structures into a more deformed region.

The variation in rotational energy spacing of excited
K ¼ 0 bands in the rare-earth region was pointed out by a
number of authors, see, e.g., Kuyucak and Morrison (1988),
who note that such bands lie entirely outside of an IBM space,
even with the commonly used extension employing g and
higher L bosons. This point was also made by Bohr and
Mottelson (1982). Indeed, while the spectroscopy involved
can be demanding, aK ¼ 0 band associated with two-neutron

pair-transfer asymmetry characteristic of pairing isomerism
and with considerably increased energy spacing, relative to
the ground-state band, has been established in the N ¼ 90
isotones, 154Gd (Kulp et al., 2003) and 152Sm (Kulp et al.,
2005).

There is a further and interesting perspective on the role of
pairing isomerism in deformed nuclei. Jänecke et al. (1981)
observed that the (d, 6Li) ! cluster transfer on selected
actinide targets exhibits population of excited 0þ states
with >100% of the ground-state strength. This indicates
that there are strong proton-pair–neutron-pair correlations
involved in these 0þ states. This is especially remarkable in
that the 0þ states involved look completely ordinary with
respect to other reported spectroscopic properties of these
states. A further look at possible underlying structures of this
type is explored by Wood (1984).

8. Superdeformation

Superdeformation (SD) has been a major facet of nuclear
structure for over 40 years, at its inception in the guise of
fission isomers (Polikanov et al., 1962; Metag, Habs, and
Specht, 1980; Singh, Zywina, and Firestone, 2002) and fol-
lowed by an explosive development due to its manifestation at
high spin in the form of SD bands (Twin et al., 1986; Singh,
Zywina, and Firestone, 2002). Although it is a dramatic form
of shape coexistence, the topic has developed virtually in a
completely independent manner from other investigations of
shape coexistence, probably because the former were almost
always in the high-spin regime and the latter in the low-spin
regime. A serious obstacle to unifying the two has been the
sparseness of information on absolute excitation energies and
spins of SD bands because of the difficulty of elucidating
patterns for their ‘‘draining,’’ i.e., decay into low-spin re-
gions. Achieving a unified description of SD band structures
and low-spin coexistence structures remains a major unsolved
problem in nuclear physics primarily because, while SD
bands are amenable to semiclassical descriptions, such as
the total Routhan surfaces (TRS) descriptions [see, e.g.,
Aberg, Flocard, and Nazarewicz (1990), Janssens and Khoo
(1991), Nilsson and Ragnarsson (1995), Afanasjev et al.
(1999), and Frauendorf (2001)], low-spin coexistence struc-
tures necessitate a fully quantum-mechanical description.

However, in contrast to the above rather pessimistic view,
we point to a recent development that appears to offer some
encouraging steps in the direction of a unified description of
all shape coexistence, namely, the observation of many SD
bands in the isotopes just above 56Ni (Svensson et al., 1997,
1998; Rudolph et al., 1998, 2001) with detailed information
on patterns of draining. Indeed, the discovery of these bands
comes with an extraordinary bonus: There are many draining
paths that occur by prompt proton and !-particle emission
(Rudolph et al., 2005). This may be regarded as a completely
new class of nuclear structure spectroscopy. Some bands may
even have partial decay widths for proton emission that have
led to the statement ‘‘. . .there even seems to be a kind of
proton ’rain’.’’ (Johansson et al., 2009). We return to this
point below.

Table II gives a sampling of SD band properties. There is
evidently a rather strong uniformity of excitation energies and
inferred intrinsic quadrupole moments for SD bands, and a

TABLE I. The known cases of excited K ¼ 0 bands in deformed
rare-earth nuclei with rotational energy spacing significantly differ-
ent from the ground-state band. The labeling i is explained in the
text; !Ei

20 $ E2i % E0i , r $ ð!Ei
20Þ=ð!E1

20Þ, energies are given in
keV, and the choice of cases for which r is given is explained in the
text. The data are from Nuclear Data Sheets.

Isotope i !Ei
20 r Isotope i !Ei

20 r

156Gd 1 89 170Yb 1 84

2 70 2 70

4 56 0.63 172Yb 1 79

5 64 4 55 0.70
158Gd 1 80 5 61 0.77

2 64 178Yb 1 84

4 49 0.61 2 72
160Gd 1 75 172Hf 1 91

2 51 4 61 0.67

3 56 176Hf 1 88
160Dy 1 87 2 77

2 70 178Hf 1 93

5 59 0.68 2 78
164Er 1 91 3 62

2 69 4 70

3 67 178W 1 106
166Er 1 81 2 86

2 68 152Nd 1 73
168Er 1 80 2 112 1.53

2 59 0.75 182W 1 100

4 59 0.75 2 121 1.21
170Er 1 79 186W 1 123

2 69 2 146 1.19

3 61 0.75 184Os 1 120
164Yb 1 123 2 163 1.36

2 98
168Yb 1 88

4 62
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series of papers [earlier work in the VAMPIR program is
given in our second review (Wood et al., 1992)] (Petrovici,
Schmid, and Faessler, 1992, 1996, 2000, 2002, 2003;
Petrovici et al., 2006). Work by the Madrid group
(Sarriguren et al., 1998; Sarriguren, Moya de Guerra, and
Escuderos, 1999), while focused on !-decay strength, also
provided valuable insight into prolate-oblate shape coexis-
tence in this mass region. Other work includes Almehed and
Walet (2004), Langanke, Dean, and Nazarewicz (2005),
Hasegawa, Kaneko et al. (2007), Gaudefroy et al.
(2009b), Girod et al. (2009), and Hinohara et al. (2009)).

6. Shape coexistence in heavy nuclei near other shells and
subshells

The well-established presence of shape coexistence in the
Z! 50, 82 midneutron shell regions but not in the N ! 50, 82
midproton shell regions has its explanation in the subshell
gaps at Z ¼ 40, 64. As a consequence, intruder configurations
are suppressed in the midproton shell regions at these closed-
neutron shells. There is some evidence of low-energy intruder
states at midsubshells such as N ! 50, Z! 32, e.g., in the
N ¼ 49 isotones 81Ge and 83Se [see Fig. 3.25 in Heyde et al.
(1983)]; but the issue of intruder states for N ! 50, 82 nuclei
remains virtually unexplored.

The emerging role of subshell gaps in giving rise to sup-
pressed collectivity is an issue that needs to be investigated;
here we point to some other regions or structures where hints
to shape coexistence exist: Figure 40 shows two-proton trans-
fer reaction strengths into even-Te and even-Xe isotopes. The
second-excited 0þ states in these isotopes are strongly popu-
lated and may be the result of a proton subshell gap at Z ¼ 56
or 58, or at Z ¼ 64 [see Bloxham et al. (2010)].

7. Pairing isomers

The first hint of structures that have come to be known as
pairing isomers was from the study of two-neutron transfer
reactions in the actinide nuclei. There is a large asymmetry
between ðp; tÞ and ðt; pÞ transfer strengths to low-lying 0þ
states in Th, U, and Pu isotopes (Maher et al., 1970, 1972;
Casten et al., 1972; Back et al., 1973; Friedman et al.,
1974). This is explained by the concept of oblate and prolate
orbitals between which there are reduced off-diagonal pairing
matrix elements (Griffin, Jackson, and Volkov, 1971;
Abdulvagabova, Ivanova, and Pyatov, 1972; Chasman,
1972; van Rij and Kahana, 1972; Immele and Struble,
1973; Sorensen, 1974; Abrosimov, 1979, 1981). [Chasman
(1976) showed that a density-dependent delta interaction
leads to off-diagonal pairing matrix elements in the actinides
that vary by an order of magnitude.] Such a structure leads to
different pair distributions about the Fermi energy: These can
be viewed as different ‘‘deformations’’ of the Fermi surface.

The idea of different pairing deformations is similar to the
idea of different shape deformations (in one and the same
nucleus), hence the term pairing isomerism. The idea of
pairing isomerism was developed by Ragnarsson and
Broglia (1976). Indeed, consideration of the foregoing
material in nuclei such as Zr, Mo, and Ge (see Figs. 29, 30,
and 36, respectively) indicates that different shape isomers
exhibit different pair structures and so shape isomers can also

be regarded as pairing isomers. However, this raises the
fundamental issue of the nature of low-lying 0þ states in
deformed nuclei.

The interpretation of low-lying 0þ states in deformed
nuclei, pairing isomerism aside, has been in terms of !
vibrations [see Garrett (2001) for a review] and microscopic
K" ¼ 0þ phonon structures, on the one hand [in the approach
that was founded by Soloviev (1992), see, e.g., Lo Iudice,
Sushkov, and Shirikova (2004) for a recent application], and,
as couplings of s and d bosons to J" ¼ 0þ on the other hand
[see, e.g., the review by Casten and Warner (1988)]. An
overall dominating view is that low-lying 0þ states must be
collective because they lie below the pairing gap, which in
deformed nuclei is nominally 2 MeV for both protons and
neutrons. The evidence for pairing isomerism contradicts the
concept of a single pairing gap for protons and for neutrons
and, therefore, calls into question the simple view that all 0þ

states below the pairing gap in deformed nuclei must be
(quadrupole) collective [see also the review by Garrett
(2001)].

There is a further issue with rotational bands built on
excited 0þ states in deformed nuclei: They can show varia-
tions in rotational parameters, relative to the ground-state
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FIG. 40. Two-proton transfer datawhich indicate a pairing structure
for 0þ3 states in the even-Te and even-Xe isotopes that support shape

coexistence. The excited 0þ state populations are given as a percent-
age of the ground-state populations. The data are from Alford et al.
(1979), Fielding et al. (1978), and Nuclear Data Sheets.
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series of papers [earlier work in the VAMPIR program is
given in our second review (Wood et al., 1992)] (Petrovici,
Schmid, and Faessler, 1992, 1996, 2000, 2002, 2003;
Petrovici et al., 2006). Work by the Madrid group
(Sarriguren et al., 1998; Sarriguren, Moya de Guerra, and
Escuderos, 1999), while focused on !-decay strength, also
provided valuable insight into prolate-oblate shape coexis-
tence in this mass region. Other work includes Almehed and
Walet (2004), Langanke, Dean, and Nazarewicz (2005),
Hasegawa, Kaneko et al. (2007), Gaudefroy et al.
(2009b), Girod et al. (2009), and Hinohara et al. (2009)).

6. Shape coexistence in heavy nuclei near other shells and
subshells

The well-established presence of shape coexistence in the
Z! 50, 82 midneutron shell regions but not in the N ! 50, 82
midproton shell regions has its explanation in the subshell
gaps at Z ¼ 40, 64. As a consequence, intruder configurations
are suppressed in the midproton shell regions at these closed-
neutron shells. There is some evidence of low-energy intruder
states at midsubshells such as N ! 50, Z! 32, e.g., in the
N ¼ 49 isotones 81Ge and 83Se [see Fig. 3.25 in Heyde et al.
(1983)]; but the issue of intruder states for N ! 50, 82 nuclei
remains virtually unexplored.

The emerging role of subshell gaps in giving rise to sup-
pressed collectivity is an issue that needs to be investigated;
here we point to some other regions or structures where hints
to shape coexistence exist: Figure 40 shows two-proton trans-
fer reaction strengths into even-Te and even-Xe isotopes. The
second-excited 0þ states in these isotopes are strongly popu-
lated and may be the result of a proton subshell gap at Z ¼ 56
or 58, or at Z ¼ 64 [see Bloxham et al. (2010)].

7. Pairing isomers

The first hint of structures that have come to be known as
pairing isomers was from the study of two-neutron transfer
reactions in the actinide nuclei. There is a large asymmetry
between ðp; tÞ and ðt; pÞ transfer strengths to low-lying 0þ
states in Th, U, and Pu isotopes (Maher et al., 1970, 1972;
Casten et al., 1972; Back et al., 1973; Friedman et al.,
1974). This is explained by the concept of oblate and prolate
orbitals between which there are reduced off-diagonal pairing
matrix elements (Griffin, Jackson, and Volkov, 1971;
Abdulvagabova, Ivanova, and Pyatov, 1972; Chasman,
1972; van Rij and Kahana, 1972; Immele and Struble,
1973; Sorensen, 1974; Abrosimov, 1979, 1981). [Chasman
(1976) showed that a density-dependent delta interaction
leads to off-diagonal pairing matrix elements in the actinides
that vary by an order of magnitude.] Such a structure leads to
different pair distributions about the Fermi energy: These can
be viewed as different ‘‘deformations’’ of the Fermi surface.

The idea of different pairing deformations is similar to the
idea of different shape deformations (in one and the same
nucleus), hence the term pairing isomerism. The idea of
pairing isomerism was developed by Ragnarsson and
Broglia (1976). Indeed, consideration of the foregoing
material in nuclei such as Zr, Mo, and Ge (see Figs. 29, 30,
and 36, respectively) indicates that different shape isomers
exhibit different pair structures and so shape isomers can also

be regarded as pairing isomers. However, this raises the
fundamental issue of the nature of low-lying 0þ states in
deformed nuclei.

The interpretation of low-lying 0þ states in deformed
nuclei, pairing isomerism aside, has been in terms of !
vibrations [see Garrett (2001) for a review] and microscopic
K" ¼ 0þ phonon structures, on the one hand [in the approach
that was founded by Soloviev (1992), see, e.g., Lo Iudice,
Sushkov, and Shirikova (2004) for a recent application], and,
as couplings of s and d bosons to J" ¼ 0þ on the other hand
[see, e.g., the review by Casten and Warner (1988)]. An
overall dominating view is that low-lying 0þ states must be
collective because they lie below the pairing gap, which in
deformed nuclei is nominally 2 MeV for both protons and
neutrons. The evidence for pairing isomerism contradicts the
concept of a single pairing gap for protons and for neutrons
and, therefore, calls into question the simple view that all 0þ

states below the pairing gap in deformed nuclei must be
(quadrupole) collective [see also the review by Garrett
(2001)].

There is a further issue with rotational bands built on
excited 0þ states in deformed nuclei: They can show varia-
tions in rotational parameters, relative to the ground-state
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FIG. 40. Two-proton transfer datawhich indicate a pairing structure
for 0þ3 states in the even-Te and even-Xe isotopes that support shape

coexistence. The excited 0þ state populations are given as a percent-
age of the ground-state populations. The data are from Alford et al.
(1979), Fielding et al. (1978), and Nuclear Data Sheets.
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series of papers [earlier work in the VAMPIR program is
given in our second review (Wood et al., 1992)] (Petrovici,
Schmid, and Faessler, 1992, 1996, 2000, 2002, 2003;
Petrovici et al., 2006). Work by the Madrid group
(Sarriguren et al., 1998; Sarriguren, Moya de Guerra, and
Escuderos, 1999), while focused on !-decay strength, also
provided valuable insight into prolate-oblate shape coexis-
tence in this mass region. Other work includes Almehed and
Walet (2004), Langanke, Dean, and Nazarewicz (2005),
Hasegawa, Kaneko et al. (2007), Gaudefroy et al.
(2009b), Girod et al. (2009), and Hinohara et al. (2009)).

6. Shape coexistence in heavy nuclei near other shells and
subshells

The well-established presence of shape coexistence in the
Z! 50, 82 midneutron shell regions but not in the N ! 50, 82
midproton shell regions has its explanation in the subshell
gaps at Z ¼ 40, 64. As a consequence, intruder configurations
are suppressed in the midproton shell regions at these closed-
neutron shells. There is some evidence of low-energy intruder
states at midsubshells such as N ! 50, Z! 32, e.g., in the
N ¼ 49 isotones 81Ge and 83Se [see Fig. 3.25 in Heyde et al.
(1983)]; but the issue of intruder states for N ! 50, 82 nuclei
remains virtually unexplored.

The emerging role of subshell gaps in giving rise to sup-
pressed collectivity is an issue that needs to be investigated;
here we point to some other regions or structures where hints
to shape coexistence exist: Figure 40 shows two-proton trans-
fer reaction strengths into even-Te and even-Xe isotopes. The
second-excited 0þ states in these isotopes are strongly popu-
lated and may be the result of a proton subshell gap at Z ¼ 56
or 58, or at Z ¼ 64 [see Bloxham et al. (2010)].

7. Pairing isomers

The first hint of structures that have come to be known as
pairing isomers was from the study of two-neutron transfer
reactions in the actinide nuclei. There is a large asymmetry
between ðp; tÞ and ðt; pÞ transfer strengths to low-lying 0þ
states in Th, U, and Pu isotopes (Maher et al., 1970, 1972;
Casten et al., 1972; Back et al., 1973; Friedman et al.,
1974). This is explained by the concept of oblate and prolate
orbitals between which there are reduced off-diagonal pairing
matrix elements (Griffin, Jackson, and Volkov, 1971;
Abdulvagabova, Ivanova, and Pyatov, 1972; Chasman,
1972; van Rij and Kahana, 1972; Immele and Struble,
1973; Sorensen, 1974; Abrosimov, 1979, 1981). [Chasman
(1976) showed that a density-dependent delta interaction
leads to off-diagonal pairing matrix elements in the actinides
that vary by an order of magnitude.] Such a structure leads to
different pair distributions about the Fermi energy: These can
be viewed as different ‘‘deformations’’ of the Fermi surface.

The idea of different pairing deformations is similar to the
idea of different shape deformations (in one and the same
nucleus), hence the term pairing isomerism. The idea of
pairing isomerism was developed by Ragnarsson and
Broglia (1976). Indeed, consideration of the foregoing
material in nuclei such as Zr, Mo, and Ge (see Figs. 29, 30,
and 36, respectively) indicates that different shape isomers
exhibit different pair structures and so shape isomers can also

be regarded as pairing isomers. However, this raises the
fundamental issue of the nature of low-lying 0þ states in
deformed nuclei.

The interpretation of low-lying 0þ states in deformed
nuclei, pairing isomerism aside, has been in terms of !
vibrations [see Garrett (2001) for a review] and microscopic
K" ¼ 0þ phonon structures, on the one hand [in the approach
that was founded by Soloviev (1992), see, e.g., Lo Iudice,
Sushkov, and Shirikova (2004) for a recent application], and,
as couplings of s and d bosons to J" ¼ 0þ on the other hand
[see, e.g., the review by Casten and Warner (1988)]. An
overall dominating view is that low-lying 0þ states must be
collective because they lie below the pairing gap, which in
deformed nuclei is nominally 2 MeV for both protons and
neutrons. The evidence for pairing isomerism contradicts the
concept of a single pairing gap for protons and for neutrons
and, therefore, calls into question the simple view that all 0þ

states below the pairing gap in deformed nuclei must be
(quadrupole) collective [see also the review by Garrett
(2001)].

There is a further issue with rotational bands built on
excited 0þ states in deformed nuclei: They can show varia-
tions in rotational parameters, relative to the ground-state

0+

0+

0+

0+
0+

0+
0+

0+

0+ 0+0+
0+

1623

909

1716

1149
1314

1583

1794

1269

1761
18771877

201733%
34%

39%

0+ 1690

37%

0+
0+

0+
0+

0+
0+

0+

0+

0+ 0+
0+

0+1747
1940

1613
1517

957
1103

1357

2153

1873
1979

1883

1657

63%

22%

~21%
18%

50%

0+ 0+ 0+ 0+ 0+ 0+0 0 0 0 0 0
120

66Xe 122
68Xe 124

70Xe 126
72Xe 128

74Xe 130
76Xe

0+ 0+ 0+ 0+ 0+ 0+0 0 0 0 0 0
118

66Te 120
68Te 122

70Te 124
72Te 126

74Te 128
76Te

FIG. 40. Two-proton transfer datawhich indicate a pairing structure
for 0þ3 states in the even-Te and even-Xe isotopes that support shape

coexistence. The excited 0þ state populations are given as a percent-
age of the ground-state populations. The data are from Alford et al.
(1979), Fielding et al. (1978), and Nuclear Data Sheets.
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Takada and Tazaki (1986), and Joubert et al. (1994), using
boson mapping techniques, emphasized the importance of
coupling quadrupole and pairing vibrations. The particular
situation of an almost degenerate j ¼ 1=2 orbital (2p1=2) with
a higher-lying high-j orbital (1g9=2) results in a strong inter-
action coupling the two excitation modes at N ¼ 40 and was
suggested to be at the origin of the specific energy depen-
dence of the 0þ2 excited state. We revisit the role of j ¼ 1=2
orbitals, in close proximity to high-j orbitals, in Sec. III.C.3.
Recently, Hasegawa, Mizusaki et al. (2007), Honma et al.
(2009), and Robinson, Zamick, and Sharon (2011) (large-
scale shell-model studies) also concentrated on the Ge
isotopes near N ¼ 40. From these calculations, it turns out

that the single-particle gap between the 1g9=2 and 2p1=2

orbitals is not big enough to keep a neutron closed shell at
N ¼ 40, resulting in a 0þ2 state that is consistent with a two-
neutron excitation from the fp orbitals into the 1g9=2 orbital
(spherical configuration), with the 0þ1 ground state consistent
with a deformed state (Honma et al., 2009). This gives rise to
a spherical-deformed shape-coexisting situation in 72Ge.

The many approaches used in this particular mass region,
starting from a HFB minimization with beyond mean-field
extension, using (quasi-)RPA to build pairing vibrations and
coupled to quadrupole vibrations, a bosonization of S pairs,
large-scale shell-model studies using effective interactions,
etc., lead to an ‘‘imposed’’ structure that will be somewhat
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FIG. 36. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Ge isotopes, given relative to 100% for 0þ1 states (NS ¼
not seen). The data are from Ardouin, Hanson, and Stein (1980), Boucenna et al. (1990), and references given in Nuclear Data Sheets.

FIG. 37. The !2
A, "

2
A values, from Table 3 in Van den Berg et al. (1982), and see text, Eq. (15), and the !2

n, "
2
n values (with n ¼ 2–6), from

Table 3 in Becker et al. (1982), and see text, Eq. (16), respectively, describing the 0þ1 and 0þ2 states and separately describing the proton (Van
den Berg et al., 1982) and neutron (Becker et al., 1982) parts of the wave functions in 70–76Ge. This illustrates the nucleon pairs in mixed
shell-model configurations schematically using ovals around solid circles (protons) and open circles (neutrons).
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Takada and Tazaki (1986), and Joubert et al. (1994), using
boson mapping techniques, emphasized the importance of
coupling quadrupole and pairing vibrations. The particular
situation of an almost degenerate j ¼ 1=2 orbital (2p1=2) with
a higher-lying high-j orbital (1g9=2) results in a strong inter-
action coupling the two excitation modes at N ¼ 40 and was
suggested to be at the origin of the specific energy depen-
dence of the 0þ2 excited state. We revisit the role of j ¼ 1=2
orbitals, in close proximity to high-j orbitals, in Sec. III.C.3.
Recently, Hasegawa, Mizusaki et al. (2007), Honma et al.
(2009), and Robinson, Zamick, and Sharon (2011) (large-
scale shell-model studies) also concentrated on the Ge
isotopes near N ¼ 40. From these calculations, it turns out

that the single-particle gap between the 1g9=2 and 2p1=2

orbitals is not big enough to keep a neutron closed shell at
N ¼ 40, resulting in a 0þ2 state that is consistent with a two-
neutron excitation from the fp orbitals into the 1g9=2 orbital
(spherical configuration), with the 0þ1 ground state consistent
with a deformed state (Honma et al., 2009). This gives rise to
a spherical-deformed shape-coexisting situation in 72Ge.

The many approaches used in this particular mass region,
starting from a HFB minimization with beyond mean-field
extension, using (quasi-)RPA to build pairing vibrations and
coupled to quadrupole vibrations, a bosonization of S pairs,
large-scale shell-model studies using effective interactions,
etc., lead to an ‘‘imposed’’ structure that will be somewhat
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FIG. 36. Two-nucleon and multinucleon transfer strengths to 0þ2 states in the Ge isotopes, given relative to 100% for 0þ1 states (NS ¼
not seen). The data are from Ardouin, Hanson, and Stein (1980), Boucenna et al. (1990), and references given in Nuclear Data Sheets.

FIG. 37. The !2
A, "

2
A values, from Table 3 in Van den Berg et al. (1982), and see text, Eq. (15), and the !2

n, "
2
n values (with n ¼ 2–6), from

Table 3 in Becker et al. (1982), and see text, Eq. (16), respectively, describing the 0þ1 and 0þ2 states and separately describing the proton (Van
den Berg et al., 1982) and neutron (Becker et al., 1982) parts of the wave functions in 70–76Ge. This illustrates the nucleon pairs in mixed
shell-model configurations schematically using ovals around solid circles (protons) and open circles (neutrons).
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is the same for the 0þ1;2 states, i.e., j !!ð70þnGe; 0þ1 Þi ¼
j !!ð70þnGe; 0þ2 Þi. The results extracted from these analyses
are illustrated in Fig. 37. A more general analysis should have
both a changing proton and neutron part in the wave function
but lack of data did not allow us to extract a more consistent
description.

The details of proton and neutron orbital occupancies that
resulted from the above-cited literature led to a series of
phenomenological analyses by Fortune and co-workers
(Carchidi et al., 1984; Fortune, Carchidi, and Mordechai,
1984; Carchidi and Fortune, 1985; Fortune and Carchidi,
1985; Carchidi and Fortune, 1986; Carchidi, Fortune, and
Burlein, 1989) and others (Johnstone and Castel, 1986) and
resulted in debate (Fortune et al., 1987; Vergnes and Rotbard,
1988) and further insights connecting to E2 properties of
nuclei (Fortune and Carchidi, 1987; Carchidi and Fortune,
1988a, 1988b). Indeed, the work of Carchidi and Fortune
(1988b), extended the insight provided by the Ge isotopes to
an analysis of the Zr and Mo isotopes (cf. Figs. 29 and 30).

Theoretical work that addressed the low excitation energy
of the first-excited 0þ state in 72Ge investigated collective
excitations and their coupling to 2qp excitations, covering
various techniques such as Didong et al. (1976), Kumar
(1978), Gangopadhyay (1999), and Guo, Maruhn, and
Reinhard (2007), and, stemming from the above-cited work
of Vergnes and co-workers, by Ahalpara and Bhatt (1982).
The early work of Iwasaki et al. (1976), Weeks et al. (1981),

FIG. 34. Systematics of "2ðE0Þ % 103 values in the N ¼ 90 iso-
tones. The large values indicate underlying coexistence of bands
with different deformations that mix strongly. The level data are
taken from Nuclear Data Sheets. The "2ðE0Þ % 103 values are taken
from Kibédi and Spear (2005) for 0þ2 ! 0þ1 , from Wood et al.

(1999) for 2þ2 ! 2þ1 , and are calculated using lifetime data (Klug
et al., 2000; Tonev et al., 2004; Möller et al., 2006) and electron
data in Nuclear Data Sheets for other transitions.
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FIG. 33. Isotope shifts #hr2i in fm2 and two-neutron separation
energies S2n in MeV for selected isotopic chains across the N ¼ 90
region. The data are from Nadjakov, Marinova, and Gangrsky
(1994) and Audi, Wapstra, and Thibault (2003).

FIG. 35. Low-lying states in 70–76Ge (upper part) and hQ2i values
in e2 b2 for the 0þ1 and 0þ2 states in these Ge isotopes (lower part).

The lower part is taken from Sugawara et al. (2003) and the data in
the upper part are from Podolyák et al. (2004) and Nuclear Data
Sheets. (Note that in the lower part, the value of hQ2i for the 0þ2 state

in 70Ge, cf. Table IV, should be 0.64 and not 0.50.)
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different in each case and as such, not directly comparable, in
any microscopic sense. Only by comparison with the data will
it be possible to go beyond each of the various descriptions.

The odd-mass nuclei in this region appear to be either
weakly deformed with decoupled bands or strongly deformed
with rotational bands, with no evident occurrence of shape
coexistence. Figure 38 shows a probable manifestation of the
shape change and coexistence in the N ¼ 39 isotones. The
coexistence of prolate and oblate shapes in 75Kr and their
mixing has been addressed by Skoda et al. (1990).

The evidence for coexisting prolate and oblate shapes in
the N ¼ 39 isotones is strongly supportive of wider searches
for prolate-oblate coexistence in even-even nuclei in this
region of N and Z. Establishing the coexistence of oblate
and prolate shapes in even-even nuclei is difficult because it
requires the measurement of the signs of quadrupole mo-
ments. This is most easily carried out for 2þ states, but an
intrinsic quadrupole moment for a 2þ state can be deduced
only if the K quantum number is known for the state: For first
2þ states this is reliably inferred to be K ¼ 0, but for second
excited 2þ states this can be ambiguous. We add some further
details of spectroscopic results for this region that address
issues of shape coexistence, but for which clarification is
needed.

Figure 39 shows a selection of electric quadrupole, E2
properties for 74;76Kr, deduced from multistep Coulomb ex-
citation (Clément et al., 2007). We note that these isotopes
are unstable, and obtaining such a detailed ‘‘map’’ of E2
properties (we do not show all those reported) represents,
together with a similar study of 78Kr (see below), a first of its
kind study. The hQ2i values for the ground and first-excited
0þ states strongly support shape coexistence. The diagonal
E2 matrix elements for the first, second, and third 2þ states
can be understood for 74Kr as revealing a prolate (K ¼ 0)
ground-state structure with an associated prolate K ¼ 2 band,
and an oblate (K ¼ 0) excited 0þ state structure. However,
the negative diagonal E2 matrix element for the second 2þ

state in 76Kr, which appears to be a K ¼ 2 excitation built on
the ground state, is characteristic of an oblate intrinsic struc-
ture which contradicts the implied prolate intrinsic structure
of the ground state.

The only sensible interpretation of 76Kr is that there must
be strong mixing of coexisting prolate and oblate shapes.
Strong E0 decays of the first-excited 0þ states in 72;74;76Kr
(Chandler et al., 1997; Wood et al., 1999; Bouchez et al.,
2003; Giannatiempo et al., 2005) unambiguously support
mixing. Mixing has been suggested to explain energies in
72–78Kr and their deviation from rotor patterns (Korten, 2001;
Bouchez et al., 2003). To clarify this, it will be necessary to
establish where there is E0 decay strength between 2þ states,
as the E0 decay process has a !K ¼ 0 selection rule. In our
earlier review (Wood et al., 1992) we showed (Fig. 3.37),
based on a comparison of yrast energies in 74;76Kr and 75Kr,
that mixing must be occurring. We also caution that !K ¼ 2
mixing has a strong impact on diagonal E2 matrix elements
(Allmond et al., 2008).

Other multistep Coulomb excitation studies in the region
include investigations of 70Se (Hurst et al., 2007; Ljungvall
et al., 2008) and 78Kr (Becker et al., 2006). The importance
of triaxiality at low spin in this region was emphasized by
Andrejtscheff and Petkov (1994), using model-independent
arguments based on E2 matrix elements and the methods of
Kumar (1972) and Cline (1986). These initiatives into the
determination of nuclear shapes offer exciting prospects for
establishing model-independent views of the more subtle
aspects of nuclear collectivity in this region [cf. especially
the multi-Coulex studies of Zielinska et al. (2002)].

Theoretical work that addresses shape coexistence cen-
tered on the Kr isotopes has been extensive. The variation
after mean-field projection in realistic model spaces
(VAMPIR) program made the Kr isotopes a focal point in a
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FIG. 38. Systematics of positive-parity states in the N ¼ 39 iso-
tones, arranged to reveal the probable occurrence of coexisting
prolate and oblate shapes. Energies are given relative to 9=2þ1 in
71Ge (Ex ¼ 198 keV), 73SeðgsÞ, 9=2þ2 in 75Kr (Ex ¼ 726 keV),
arbitrarily offset in 77Sr. Band assignments are based on !-decay
branching ratios. The data are from Nuclear Data Sheets.

FIG. 39. Electric quadrupole collectivity in 74Kr and 76Kr. Arrows
indicate selected transitions with their BðE2Þ values. Boxes with a
double underline give hQ2i values in units e2 b2 obtained by
summing over squares of E2 matrix elements. Boxes with a double
overline give the quadrupole moment hQi in e b. The data are from
Clément et al. (2007) and Nuclear Data Sheets.
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Do	
  we	
  understand	
  excited	
  0+	
  states	
  in	
  nuclei?	
  

•  CONCLUSIONS:	
  	
  
•  Nuclei	
  do	
  not	
  possess	
  low-­‐energy	
  vibraQons	
  associated	
  with	
  

the	
  quadrupole	
  degree	
  of	
  freedom	
  	
  
•  Pairing	
  (off	
  diagonal)	
  is	
  sufficiently	
  weak	
  that	
  pair	
  excitaQons	
  

across	
  shell	
  and	
  subshell	
  gaps	
  give	
  rise	
  to	
  0+	
  states	
  at	
  low	
  
excitaQon	
  energy	
  

•  IdenQficaQon	
  and	
  characterizaQon	
  of	
  E0	
  transiQons	
  is	
  
essenQal	
  to	
  understanding	
  excited	
  0+	
  states	
  and	
  associated	
  
collecQve	
  bands	
  

•  Transfer	
  reacQon	
  data	
  are	
  criQcal	
  for	
  understanding	
  excited	
  	
  
	
  	
  	
  	
  	
  0+	
  states	
  
•  Ultra-­‐high	
  staQsQcs	
  β	
  decay	
  data	
  is	
  needed	
  to	
  see	
  high-­‐lying,	
  

low-­‐energy	
  γ-­‐ray	
  transiQons	
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E.F.	
  Zganjar,	
  and	
  many	
  others	
  


