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Simple	
  ideas	
  of	
  low-­‐energy	
  quadrupole	
  
vibraAons	
  in	
  deformed	
  nuclei	
  



Low-­‐energy	
  quadrupole	
  vibraAons	
  in	
  deformed	
  
nuclei:	
  simple	
  mulA-­‐phonon	
  paNerns	
  



Where	
  are	
  the	
  best	
  examples	
  of	
  low-­‐energy	
  
quadrupole	
  vibraAons	
  in	
  deformed	
  nuclei?	
  
The N = 90 nuclei appear to be the quintessential collective model 
nuclei, exhibiting ground, β-, and γ-vibrational rotational bands.
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Among other states reported above 1 MeV 
were candidate 2-phonon excitations.
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Where	
  are	
  the	
  best	
  examples	
  of	
  low-­‐energy	
  
quadrupole	
  vibraAons	
  in	
  deformed	
  nuclei?	
  
The N = 90 nuclei appear to be the quintessential collective model 
nuclei, exhibiting ground, β-, and γ-vibrational rotational bands.
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A two-phonon vibrational band 
should be readily identified through 
multiple-step Coulomb excitation.

Experiment carried out at the 88-inch 
Cyclotron Facility at LBNL using 
Gammasphere and CHICO.
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MulA-­‐step	
  Coulomb	
  ExcitaAon	
  

Multiple-step Coulomb excitation‡ (multi-Coulex) populates excited 
collective states in nuclei.  (‡ long-ranged ↔ collective excitation)

An incident nucleus is scattered by 
the Coulomb interaction with a 
target nucleus.
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MulA-­‐step	
  Coulomb	
  ExcitaAon	
  
Multiple-step Coulomb excitation (multi-Coulex) populates excited 
collective states in nuclei.

An incident nucleus is scattered by 
the Coulomb interaction with a 
target nucleus.

A close (“safe”) approach results in 
multiple Coulomb interactions only 
(no complication from strong 
interactions).
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MulA-­‐step	
  Coulomb	
  ExcitaAon	
  
Multiple-step Coulomb excitation (multi-Coulex) populates excited 
collective states in nuclei.

An incident nucleus is scattered by 
the Coulomb interaction with a 
target nucleus.

A close (“safe”) approach results in 
multiple Coulomb interactions only 
(no complication from strong 
interactions).

Level energies and transition 
strengths are deduced through γ -
ray spectroscopy.

Level lifetimes, quadrupole 
moments and transition matrix 
elements are deduced by a least-
squares fit to γ-ray yields.

Gammasphere:
110 Ge γ-ray detectors.

CHICO:
particle detector.
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MulA-­‐step	
  Coulomb	
  ExcitaAon:	
  152Sm	
  

Multi-Coulex excites the 
ground-state band to 
spin 20, and populates 
over 100 other levels.
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152Sm:	
  what	
  is	
  the	
  nature	
  of	
  the	
  	
  
02+	
  (685	
  keV)	
  state?	
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Multi-Coulex, (n,n’!), (",2n!), and # decay studies of 152Sm

elucidate K=0+ , K=2+, K=4+, K=0-, and K=1- rotational bands.

What is the nature of the excited bands?
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Mul$-­‐Coulex	
  of	
  152Sm	
  02+(685	
  keV):	
  	
  
strongest	
  response	
  is	
  to	
  head	
  of	
  K=2+	
  band	
  at	
  1769	
  keV	
  	
  

(in-­‐band	
  response	
  aIenuated	
  by	
  99.7%	
  decay	
  out	
  @	
  811	
  level)	
  

The strongest response is from the band head of the

K=2+ structure at 1769 keV.
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MulA-­‐Coulex	
  of	
  152Sm	
  22+(811	
  keV):	
  
strongest	
  responses	
  are	
  in-­‐band	
  and	
  to	
  K=2+	
  band	
  at	
  1769	
  keV	
  

(in-­‐band	
  response	
  aNenuated	
  by	
  	
  92%	
  decay	
  out	
  @	
  4+)	
  

Decay to the 2+ state of

the K! = 0+
2 band is very

similar to that to the 0+.
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152Sm:	
  selected	
  B(E2)’s	
  theory	
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152Sm:	
  B(E2)’s	
  to	
  first	
  excited	
  Kπ	
  =	
  0+	
  band	
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152Sm:	
  selected	
  B(E2)’s	
  expt.	
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152Sm:	
  predicAon	
  for	
  collecAve	
  quadrupole	
  
excitaAons	
  in	
  the	
  X(5)	
  model	
  

state. Stemming from the relation between E!02
+" and

E!21
+" and the energetics of the quasi-ground-state band,

one has the complementary prediction that R6/0
#E!61

+" /E!02
+"=0.96. This particular near degeneracy

has a rather deep meaning, and in fact, as discussed in
Sec. IV.B.2, in the large NB limit of the IBM-1, R6/0
=1.0 has a unique locus along the first-order phase-
transitional line !Bonatsos, McCutchan, Casten, and
Casperson, 2008".

Of course, there are many other characteristic X!5"
predictions, especially concerning transition rates. We
encounter them in more detail below when we compare
X!5" with nuclei that have been suggested as manifesting
a structure close to this CPS.

2. Empirical manifestations of X(5)

The first nucleus discussed to manifest an approxi-
mate X!5" description was 152Sm !Casten and Zamfir,
2001", which, along with 150Nd !Krücken et al., 2002",
remains the best studied empirical example. As we have
seen !Secs. II.B and IV.B.1", there is abundant empirical
evidence for a rapid spherical-deformed shape change in
this region. The increase in quadrupole deformation !
$see Eq. !2.4"% implied in Fig. 5 has been confirmed by a
more rigorous treatment in terms of quadrupole invari-
ants !Werner et al., 2008". This gives ground band quad-

rupole invariants for 152,154Gd of 1.77!17" e2 b2 and
3.89!2" e2 b2. Therefore this region is an ideal one in
which to compare the predictions of X!5" with the data.

Figure 31 includes on the right a level scheme for
152Sm providing, along with a few additional figures be-
low, a detailed comparison of the predictions of X!5".
Given the extreme simplicity of X!5" it is noteworthy
that it works at all. The R4/2 values of the lowest two
quasibands in X!5" are 2.91 and 2.80. In 152Sm the em-
pirical values are 3.01 and 2.69. R0/2 is 5.62 and R6/0 is
1.03, both close to the X!5" predictions. The next yrast
energies also are close to X!5" as shown in Fig. 32 !left".

FIG. 31. Partial level scheme and some E2 transition rates for the X!5" model !Iachello, 2001" compared with data on the yrast and
yrare levels in 152Sm !Casten and Zamfir, 2001". Data from Zamfir et al. !1999, 2002a"; Klug et al. !2000"; Kulp et al. !2005".

FIG. 32. Values of E!L" /E!21
+" for yrast and yrare levels in

152Sm compared to the harmonic vibrator, symmetric rotor,
and X!5". Adapted from Casten and Zamfir, 2001.

2189Cejnar, Jolie, and Casten: Quantum phase transitions in the shapes of …

Rev. Mod. Phys., Vol. 82, No. 3, July–September 2010

Figure	
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Are 0+ states populated in the multi-Coulex?
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152Sm:	
  properAes	
  of	
  04+(1659	
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intensities are shown in Fig. 5(b). Evidently, the 1769 keV level
has a strong collective connection with the Kπ = 0+ excited
band built on the 0+(685) state, as previously illustrated by
the strong 1084 keV (9 W.u.) and 959 keV (25 W.u.) γ rays
in Figs. 1 and 2, respectively. Upper limits of B(E2; 1769 →
367) < 0.007 W.u. and B(E2; 1769 → 1023) < 0.31 W.u. are
determined using previously unpublished data from our recent
152Eug study [15].

Comparing the B(E2) data in Fig. 5 with expected relative
B(E2) values from the Alaga rules, we can determine Kπ for
the 1769 keV state. The Alaga rules for #K = 0 transitions
from a J π = 2+ state to states of J π = 0+/2+/4+ indicate that
B(E2) ratios of 70/100/180 are expected. In contrast, B(E2)
ratios of 70/100/5 would be expected for #K = 2 transitions.
The experimental data clearly show best agreement with the
#K = 2 expectations, and therefore the 2+(1769) state is the
band head of a second-excited Kπ = 2+ band.

A Kπ = 2+ assignment for the 2+(1769) state is further
supported by the observation of the 1097 keV γ ray in Fig. 2.
This line de-excites a level at 1907 keV, which is established
in both the multi-Coulex and the (n, n′γ ) studies and has a
probable spin-parity of 3+.

A broader view of low-spin collective states in 152Sm is
provided in Fig. 6. This figure shows γ rays from the p-p-γ -γ
data in the multi-Coulex study observed in coincidence with
the 1−(963) → 2+(122)841 keV transition. The very strong
line at 806 keV deexcites the 2+(1769) level [13,15]. The 696
and 792 keV γ rays deexcite the 0+ states, discussed above, at
1659 [13] and 1755 keV. Other lines are weak and are identified
with the deexcitation of J = 0, 1 states known from 152Pm β−

decay [13] or established in our (n, n′γ ) study. The pattern
of strength is qualitatively a reflection of the E2 strengths
associated with the 0+(1659) [13], 0+(1755), and 2+(1769)
states, as established in this work. No other low-spin (J ! 2)
collective states, besides these three, are indicated in 152Sm
below ∼2750 keV.

The absence of an excited Kπ = 0+ structure with strong
E2 transitions to the Kπ = 0+ structure based on the 685 keV
state is very surprising. The conventional view of the 0+(685)
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intensities are shown in Fig. 5(b). Evidently, the 1769 keV level
has a strong collective connection with the Kπ = 0+ excited
band built on the 0+(685) state, as previously illustrated by
the strong 1084 keV (9 W.u.) and 959 keV (25 W.u.) γ rays
in Figs. 1 and 2, respectively. Upper limits of B(E2; 1769 →
367) < 0.007 W.u. and B(E2; 1769 → 1023) < 0.31 W.u. are
determined using previously unpublished data from our recent
152Eug study [15].

Comparing the B(E2) data in Fig. 5 with expected relative
B(E2) values from the Alaga rules, we can determine Kπ for
the 1769 keV state. The Alaga rules for #K = 0 transitions
from a J π = 2+ state to states of J π = 0+/2+/4+ indicate that
B(E2) ratios of 70/100/180 are expected. In contrast, B(E2)
ratios of 70/100/5 would be expected for #K = 2 transitions.
The experimental data clearly show best agreement with the
#K = 2 expectations, and therefore the 2+(1769) state is the
band head of a second-excited Kπ = 2+ band.

A Kπ = 2+ assignment for the 2+(1769) state is further
supported by the observation of the 1097 keV γ ray in Fig. 2.
This line de-excites a level at 1907 keV, which is established
in both the multi-Coulex and the (n, n′γ ) studies and has a
probable spin-parity of 3+.

A broader view of low-spin collective states in 152Sm is
provided in Fig. 6. This figure shows γ rays from the p-p-γ -γ
data in the multi-Coulex study observed in coincidence with
the 1−(963) → 2+(122)841 keV transition. The very strong
line at 806 keV deexcites the 2+(1769) level [13,15]. The 696
and 792 keV γ rays deexcite the 0+ states, discussed above, at
1659 [13] and 1755 keV. Other lines are weak and are identified
with the deexcitation of J = 0, 1 states known from 152Pm β−

decay [13] or established in our (n, n′γ ) study. The pattern
of strength is qualitatively a reflection of the E2 strengths
associated with the 0+(1659) [13], 0+(1755), and 2+(1769)
states, as established in this work. No other low-spin (J ! 2)
collective states, besides these three, are indicated in 152Sm
below ∼2750 keV.

The absence of an excited Kπ = 0+ structure with strong
E2 transitions to the Kπ = 0+ structure based on the 685 keV
state is very surprising. The conventional view of the 0+(685)
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intensities are shown in Fig. 5(b). Evidently, the 1769 keV level
has a strong collective connection with the Kπ = 0+ excited
band built on the 0+(685) state, as previously illustrated by
the strong 1084 keV (9 W.u.) and 959 keV (25 W.u.) γ rays
in Figs. 1 and 2, respectively. Upper limits of B(E2; 1769 →
367) < 0.007 W.u. and B(E2; 1769 → 1023) < 0.31 W.u. are
determined using previously unpublished data from our recent
152Eug study [15].

Comparing the B(E2) data in Fig. 5 with expected relative
B(E2) values from the Alaga rules, we can determine Kπ for
the 1769 keV state. The Alaga rules for #K = 0 transitions
from a J π = 2+ state to states of J π = 0+/2+/4+ indicate that
B(E2) ratios of 70/100/180 are expected. In contrast, B(E2)
ratios of 70/100/5 would be expected for #K = 2 transitions.
The experimental data clearly show best agreement with the
#K = 2 expectations, and therefore the 2+(1769) state is the
band head of a second-excited Kπ = 2+ band.

A Kπ = 2+ assignment for the 2+(1769) state is further
supported by the observation of the 1097 keV γ ray in Fig. 2.
This line de-excites a level at 1907 keV, which is established
in both the multi-Coulex and the (n, n′γ ) studies and has a
probable spin-parity of 3+.

A broader view of low-spin collective states in 152Sm is
provided in Fig. 6. This figure shows γ rays from the p-p-γ -γ
data in the multi-Coulex study observed in coincidence with
the 1−(963) → 2+(122)841 keV transition. The very strong
line at 806 keV deexcites the 2+(1769) level [13,15]. The 696
and 792 keV γ rays deexcite the 0+ states, discussed above, at
1659 [13] and 1755 keV. Other lines are weak and are identified
with the deexcitation of J = 0, 1 states known from 152Pm β−

decay [13] or established in our (n, n′γ ) study. The pattern
of strength is qualitatively a reflection of the E2 strengths
associated with the 0+(1659) [13], 0+(1755), and 2+(1769)
states, as established in this work. No other low-spin (J ! 2)
collective states, besides these three, are indicated in 152Sm
below ∼2750 keV.

The absence of an excited Kπ = 0+ structure with strong
E2 transitions to the Kπ = 0+ structure based on the 685 keV
state is very surprising. The conventional view of the 0+(685)
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Strong mixing of coexisting shapes produces strong electric monopole 
(E0) transitions and identical bands.

E0 strength is a function of mixing.
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Shape	
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  90	
  isotones:	
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  revealed	
  by	
  E0	
  transiAons	
  

Electric monopole transitions are an unequivocal 
signature of shape coexistence and mixing.

  Shape coexistence is a widely-occurring structural 
phenomena indicative of “interesting physics”.

  Observation of an E0 determines the spin and 
parity of the excited state.

8! and PACES at TRIUMF/ISAC.
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Electric monopole transitions are an unequivocal 
signature of shape coexistence and mixing.

  Shape coexistence is a widely-occurring structural 
phenomena indicative of “interesting physics”.

  Observation of an E0 determines the spin and 
parity of the excited state.

8! and PACES at TRIUMF/ISAC.
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•  Electric	
  monopole	
  transiAons	
  are	
  a	
  model-­‐independent	
  signature	
  of	
  shape	
  
coexistence	
  and	
  mixing	
  	
  (J.Kantele	
  et	
  al.,	
  Z.	
  Phys.	
  A289	
  157	
  (1979))	
  

Kulp,	
  Wood,	
  GarreN,	
  Zganjar	
  and	
  others	
  

E	
  (MeV)	
  
3+,K=2	
  è	
  3+,K=2:	
  no	
  γ	
  
	
  
3K2	
  –	
  I(I+1)	
  =	
  0	
  	
  



152Sm:	
  coexisAng	
  Kπ	
  =	
  0-­‐	
  bands	
  

in the calculations has the character of a state built on the
0þ2 level, and while it is gratifying that the enhanced E1
transitions to the K! ¼ 0þ2 band are reproduced, the cal-
culations also indicate strong E1 transitions to the ground-
state band, which are overpredicted by more than an order
of magnitude on average.

Table I also lists the E2 transition rates, with the same e2
effective boson charges as used for the positive-parity
states [19]. There are a number of strongly enhanced E2
transitions observed connecting the negative-parity bands,
and while in some cases these may involve mixed E2=M1
transitions for which the " value is unknown, others are
!J ¼ 2 transitions that must be purely E2 in nature. Of
particular interest are the enhanced E2 transitions between
the K! ¼ 0#2 band and the K! ¼ 0#1 band, with the 3# !
3# transition perhaps as large as that of the K! ¼ 0þ2 !
2þgsb transition. As can be seen in Table I, some transitions

are more than an order of magnitude stronger than pre-
dicted. The serious discrepancies observed for both the E1
and E2 transition rates reveal that the IBM calculations at
the critical point do not reproduce in detail the nature of the
negative-parity levels in 152Sm.

In the traditional interpretation of the structure of 152Sm,
the 0þ2 level might be regarded as an excellent candidate
for a # vibration, as it has a large BðE2; 0þ2 ! 2þ1 Þ ¼
33:3& 1:3 W:u: [10] and a large $2ðE0Þ value of 58& 6'
10#3 [20], in line with expectations [21]. However, the
large two-neutron-transfer cross section implies signifi-
cant, if not dominant, pairing components [21]. In a recent
study [8] of 152Sm via Coulomb excitation, no candidates
for higher-lying multiphonon # vibrations were found up
to an energy of nearly 4' Eð0þ2 Þ, providing additional
support that the 0þ2 level cannot be interpreted as a
# vibration. Together with the K! ¼ 2þ, 0þ2 ( % band
discovered in Ref. [8], a picture is emerging of a series
of repeating rotational bands built on the 0þ2 state similar to
those built on the ground state.

In summary, the (n, n0%) reaction has been used to study
the negative-parity excitations below 2 MeV in 152Sm. A

new K! ¼ 0# band is established with a band head at
1681 keV that bears a striking similarity in its decay to
the K! ¼ 0þ2 band to the K! ¼ 0#1 band and its decay to
the ground-state band. TheK! ¼ 0#2 band is assigned as an
octupole excitation built on the 0þ2 state and is thus the first
firm example of such an excitation in a deformed nucleus.
Calculations with the spdf IBM with values of parameters
close to the critical point for the Uð5Þ-SUð3Þ phase tran-
sition display serious discrepancies with the data. The
emerging pattern of repeating excitations built on the 0þ2
level may indicate rather that 152Sm is a complex example
of shape coexistence.
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“Pairing	
  isomers”,	
  I.	
  Ragnarsson	
  and	
  
R.A.	
  Broglia,	
  NP	
  A263	
  315	
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P.E.	
  GarreN,	
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  comm.	
  

1506 	
  	
  	
  7-­‐	
  	
  	
  	
  ✓	
  

1511 	
  	
  	
  1-­‐	
  	
  	
  	
  ✓	
  

1529	
  	
  	
  2-­‐	
  	
  	
  	
  ✓	
  
1559	
  	
  	
  5-­‐	
  	
  	
  	
  ✓	
  
1570 	
  	
  	
  3-­‐	
  	
  	
  	
  ✓	
  
1609	
  	
  10+	
  	
  ✓	
  
1613	
  	
  	
  4+	
  	
  	
  ✓



1650	
  	
  	
  2-­‐	
  	
  	
  	
  ✓



1660	
  	
  	
  0+	
  	
  	
  ✓	
  
1666	
  	
  	
  8+	
  	
  	
  ✓	
  
1681 	
  	
  	
  1-­‐	
  	
  	
  ✓	
  	
  
1682	
  	
  	
  4-­‐	
  	
  	
  ✓	
  
1728	
  	
  	
  6+	
  	
  ✓	
  
1730	
  	
  	
  3-­‐	
  	
  	
  ✓	
  
1755	
  	
  	
  0+	
  	
  ✓	
  
1757	
  	
  	
  4+	
  	
  ✓	
  
1764	
  	
  	
  5-­‐	
  	
  	
  ✓	
  
1769	
  	
  	
  2+	
  	
  ✓	
  

1776	
  	
  	
  2+	
  	
  	
  ✓	
  
1779	
  	
  	
  3-­‐	
  	
  	
  ✓	
  	
  
1804	
  	
  	
  5-­‐	
  	
  	
  ✓	
  
	
  
	
  
	
  

1822	
  	
  	
  4-­‐	
  	
  	
  	
  ✓	
  
1879	
  	
  	
  9-­‐	
  	
  	
  	
  ✓



1891	
  	
  	
  5+	
  	
  	
  	
  	
  
1892	
  	
  	
  0+	
  	
  	
  ✓	
  
1906	
  	
  	
  2+	
  	
  	
  ✓	
  
1906	
  	
  	
  	
  
1908	
  	
  	
  3+	
  
1920	
  	
  	
  6-­‐	
  
1930	
  	
  	
  6-­‐	
  
1933	
  	
  	
  5-­‐	
  	
  	
  	
  ✓	
  
1944	
  	
  	
  1-­‐	
  	
  	
  	
  ✓	
  
1945	
  	
  	
  2+	
  	
  	
  ✓	
  
1946	
  	
  	
  7+	
  
1946	
  	
  	
  0+	
  	
  	
  ✓	
  
1954	
  	
  	
  5-­‐	
  	
  	
  ✓	
  
1958	
  	
  	
  	
  	
  	
  	
  	
  	
  ✓	
  
1964	
  	
  	
  1-­‐	
  	
  	
  ✓	
  
1964	
  	
  	
  4+	
  	
  ✓	
  
1977	
  	
  	
  5-­‐	
  	
  	
  ✓	
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Rearranging the bands provides an insight to the underlying structure 
of 152Sm:
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Rearranging the bands provides an insight to the underlying structure 
of 152Sm: 

4+ 2402
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2.4 The adiabatic Bohr model

Table 2.3: Collective properties of even rare-earth isotopes as defined in the text.
The model predicts that E+

4
1

/E+
2
1

should be equal to 10/3, that y/x should equal
E2

1

/(2~!Ø), and z/x should equal E2
1

/(~!∞). (The data are taken from Garrett
P.E. (2001), J. Phys. G: Nucl. Part. Phys. 27, R1 and Nuclear Data Sheets.)

Isotope
E2

1

keV

E4
1

E2
1

x
W.u.

E2
Ø

keV
y

W.u.
E2

∞

keV
z

W.u.
y

x

E2
1

2~!Ø

z

x

E2
1

~!∞

154Sm 82.0 3.25 177 1178 0.9423 1440 3.25 0.005 0.037 0.018 0.057
156Gd 89.0 3.24 185 1129 0.636 1154 4.6917 0.003 0.043 0.025 0.078
158Gd 79.5 3.29 197 1260 0.314 1187 3.44 0.002 0.033 0.018 0.066
160Gd 75.3 3.30 202 1377 988 3.8022 0.028 0.019 0.075
158Dy 78.9 3.21 183 1086 2.15 946 5.912 0.011 0.039 0.032 0.084
160Dy 86.8 3.27 198 1350 0.658 966 4.53 0.004 0.034 0.023 0.090
162Dy 80.7 3.29 203 1453 888 4.5931 0.030 0.023 0.090
164Dy 73.4 3.30 209 1716 762 4.04 0.019 0.096
162Er 102.0 3.23 190 1171 1.610 901 6.23 0.008 0.048 0.032 0.114
164Er 91.4 3.28 203 1315 0.2312 860 5.26 0.001 0.037 0.024 0.105
166Er 80.6 3.29 214 1528 786 5.54 0.026 0.102
168Er 79.8 3.31 209 1276 0.061 821 4.8017 0.0003 0.033 0.023 0.096
170Er 78.6 3.31 207 960 0.283 934 3.6811 0.001 0.045 0.018 0.084
168Yb 87.7 3.27 201 1233 1.82 984 4.6010 0.009 0.039 0.022 0.090
170Yb 84.3 3.29 206 1139 1.0821 1146 2.76 0.005 0.040 0.013 0.075
172Yb 78.7 3.31 211 1118 0.241 1466 1.3311 0.001 0.038 0.0063 0.054
174Yb 76.5 3.31 205 1561 0.5423 1634 2.55 0.026 0.0087 0.048
176Yb 82.1 3.31 180 1200 1261 1.82 0.0093 0.066
174Hf 91.0 3.27 168 900 2.16 1227 4.822 0.014 0.057 0.032 0.075
176Hf 88.3 3.28 179 1227 1.02 1341 3.96 0.006 0.039 0.022 0.066
178Hf 93.2 3.29 161 1277 0.06125 1175 3.95 0.005 0.039 0.025 0.078
180Hf 93.3 3.31 154 1183 1200 3.86 0.044 0.025 0.078
182W 100.1 3.29 136 1257 0.918 1221 3.409 0.007 0.044 0.025 0.081
184W 111.2 3.27 121 1121 0.213 903 4.4122 0.002 0.049 0.037 0.111
186W 122.3 3.23 110 1015 738 4.6323 0.067 0.042 0.165

transition is typically less than 10% of that predicted by the model for a one-phonon
beta band at the observed excitation energy. A simple interpretation of this result is
that the ground-state band is much more beta-rigid than indicated by interpreting
the first-excited K = 0 band to be a pure beta band; this interpretation would
suggest that the predicted beta vibrational strength should be reduced and most of
it should lie at higher energies,29 which would be consistent with the high rigidity
of the ground-state band against centrifugal stretching that is commonly observed.
There are undoubtedly many non-collective excited states, at the higher energies
which can be expected to mix with the beta vibrational states. Unfortunately, it
is di±cult to investigate this possibility experimentally because the spectroscopic
characterisation of low-spin states above ª 1300 keV is very demanding and there
is a severe lack of data.

otherwise be the case and would mean that the ground-state band was more gamma-rigid than
supposed.

29Cf. Garrett P.E. et al. (1977), Phys. Lett. B400, 250.
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2 The Bohr collective model

properties of states belonging to the lowest excited K = 2 band with those of a one-
phonon gamma band and states belonging to the lowest excited K = 0 band with
those of a one-phonon beta band. Table 2.3 shows the following measured quantities
for a set of rare-earth isotopes: the excitation energy E2

1

of the first excited 2+

state of the ground-state band; the ratio of the excitation energies 4+1 /2
+
1 for the

ground-state band; the excitation energies, 2+Ø , 2
+
∞ , of the 2

+ states of the ostensible
beta and gamma bands; the reduced E2 transition rate for decay of the 2+1 to the
ground state

x = B(E2; 2+1 ! 0+1 ); (2.202)

and the reduced E2 transition rates

y = B(E2; 2+Ø ! 0+1 ), (2.203)

z = B(E2; 2+∞ ! 0+1 ), (2.204)

for decay of the 2+ states of the “beta” and “gamma” bands to the ground state.
The model predicts that E+
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Hence, it predicts that

y

x
=

E2
1

2~!Ø
,

z

x
=

E2
1

~!∞
. (2.208)

Table 2.3 shows a few results for the K = 0 ground-state band and first-excited
K = 2 and K = 0 bands. The observed properties of the ground-state band are
generally in good agreement with the predictions of the model. For example, the
E+

4
1

/E+
2
1

energy ratio is generally only a little less than the extreme-rigid-rotor
value of 3.33 and the ratios of E2 transition rates (not shown in the table) are also
essentially as predicted (cf. comments in Section 1.7.4). The first-excited K = 2
band, when interpreted as a one-phonon gamma excitation, is also in qualitative
agreement with experiment. However, the B(E2; 22 ! 0+1 ) transition rate observed
for the K = 2 to ground-band transition is typically ª 25% of that predicted by the
model for a one-phonon gamma band at the observed energy. This result is possibly
due to a fragmentation of the gamma collectivity due to mixing with other non-
collective bands.28 The B(E2; 2+Ø ! 0+1 ) rate for the excited K = 0 to ground band

28If the pure gamma-vibrational states of the model were mixed with other states, not in the
model, then the centroid of the gamma transition strength would lie at a higher energy than would
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