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Figure 1: Levels and relative B(E2) values expected for an harmonic quadrupole vibrator.

1 Scientific Motivation

The Cd isotopes have stood out as some of the best examples of vibrational motion, or in the
language of the Interacting Boson Model (IBM), at the U(5) symmetry limit, being cited by Bohr
and Mottleson [1] and Arima and Iachello [2, 3], as prime examples. Because they are structural
paradigms, the Cd isotopes have been the subject of many investigations. Nearly all of these have
used the vibrational framework in which to explain the observed data. When additional levels in the
vicinity of the two-phonon triplet were observed, these were explained as intruding 2p−4h excitations
caused by the promotion of a pair of protons across the Z = 50 closed shell. Due to enhanced proton-
neutron correlations, the intruder excitations form more-deformed structures, and after taking into
account the mixing with the spherical levels, the underlying vibrational interpretation of the “normal”
phonon states was not questioned. In fact, a survey [4] of possible U(5) candidates found that the
Cd isotopes were still the best examples.

Figure 2 shows selected B(E2) values from the low-lying 0+ states in 110−116Cd. The extremely
small B(E2; 0+3 → 2+1 ) values in

110−114Cd and the B(E2; 0+2 → 2+1 ) value in
116Cd are noted in partic-

ular; these transitions would have B(E2) values of approximately 60 W.u. in a harmonic quadrupole
vibrational picture. To explain this pattern, mixing was introduced [5, 6, 7] between the intruder
states, described as having predominately an O(6) character, and vibrational states, possessing pre-
dominately U(5) character, in an interacting boson model-2 (IBM-2) formalism. Strong mixing is
essential to explain the observed pattern.

As outlined in the original proposal, there were strong indications from the systematic behavior of
the Cd isotopes that the underlying structure of the non-intruder states was not vibrational [8]. This
conclusion was not without some controversy, primarily since the Cd isotopes had been espoused to
be vibrational, and in fact some of the best examples of quadrupole vibrations, for so long. It is only
highly detailed spectroscopy that has the potential to reveal the nature of the underlying structure.

We have a wide-ranging program, using a variety of probes, to study the collective excitations of
the Cd isotopes. This includes measurements in collaboration with the University of Kentucky using
the powerful (n, n′γ) reaction, ideal to probe low-spin states and allow the extraction of nuclear
lifetimes via the DSAM technique, and in collaboration with the Technical University of Munich
using single- and two-nucleon transfer reactions to probe the single-particle nature of the levels.
Experiments using the 8π spectrometer to study the β-decays feeding the Cd daughters play an
especially crucial role since the β-decay data permits the observation of low-energy, low-intensity
decay branches that may, or may not, have large B(E2) values.
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1.9 Shape coexistence in nuclei
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Figure 1.79: Deformed bands in 110,112,114,116Cd. The B(E2) values are given in Weisskopf units. For levels
for which the strongest B(E2) is equal to 100, the other B(E2)’s are given relative to 100. (Compare with
Figure 1.48(b).) (The data are taken from Nuclear Data Sheets; and from Corminbouef F. et al. (2000),
Phys. Rev. C63, 014305 – 110Cd; Kadi M. et al. (2003), Phys. Rev. C68, 031306(R) – 116Cd; Lehmann H.
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Figure 2: Portion of the level schemes for 110,112,114,116Cd showing the decays from the low-lying 0+

states. The observed transitions between levels are indicated by arrows with widths proportional to
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The result of our studies with the 8π spectrometer have been extremely successful. Very recently,
we have published our first results from the 110In decay to 110Cd from S984 [9]. Combining level
lifetimes from the (n, n′γ) reaction, and the branching ratios or limits from the β-decay data, we
could, for the first time, extract B(E2) values or limits for every possible decay from the previously-
purported multi-phonon states. What we found was remarkable – aside from the 0+ intruder band
head and 6+ state in the ground state band, there was a lack of enhancement in any of the tran-
sitions between the intruder configuration and the non-intruder states. Comparison with theoretical
calculations indicated that this scenario could only occur if the mixing were weak [9].

The rejection of the strong-mixing scenario in 110Cd immediately raised the question of the
explanation of the decay of the excited 0+ states. In the previous vibrational picture, the 0+3 level
was a two-phonon state and the 0+2 level the intruder band head; maximal mixing of these two levels
was required to account for the enhancement of the B(E2; 0+2 → 0+

gs
) value and the cancellation of

the matrix elements contributing to the B(E2; 0+3 → 0+
gs
). However, since this strong-mixing scenario

was rejected, a new interpretation was required. From the decay patterns, the underlying structure of
the non-intruder has the appearance that is associated with a γ-soft potential, or Wilets-Jean model,
whose key signature is an enhanced decay of the excited 0+ state to the second excited 2+ state, as
observed in the Cd isotopes as shown in Fig. 2.

In addition to this paradigm shift in the 110Cd structure, it was also suggested that the properties
of the 0+4 level, previously assigned as a three-phonon 0+, was actually the head of a deformed proton
4p − 6h intruder band. This suggestion was based on its strongly favored decay to the 2+ intruder
band level, which has the proton 2p−4h assignment. Figure 3 displays a portion of the γ-ray spectrum
of coincidences with a 1397-keV γ ray from the 3475-keV I = 1 → 2079-keV 0+4 level, clearly showing
the dominance of the 295-keV 0+4 → 2+3 (i) γ ray feeding the 2+ intruder level. Also noted is the
location of a potential 603-keV 0+4 → 2+2 transition (the expected enhanced transition if the 0+4 level
were a three-phonon state); the extracted upper limit for the branch is < 0.18. With a sensitivity
to individual branches at the 10−4 level, the β-decay data provides an unprecedented view into the
collective nature of low-lying states.
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Quadrupole	
  vibra@ons	
  at	
  low	
  energy	
  	
  in	
  
spherical	
  nuclei—where	
  are	
  they?	
  

•  The	
  Cd	
  isotopes	
  were	
  considered	
  to	
  be	
  the	
  best	
  examples	
  of	
  
low-­‐energy	
  quadrupole	
  vibra@ons	
  in	
  spherical	
  nuclei.	
  

•  With	
  the	
  failure	
  of	
  such	
  an	
  interpreta@on,	
  a	
  serious	
  dilemma	
  
arises:	
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  Should	
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  do	
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  best	
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  more	
  detailed	
  study	
  of	
  the	
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  The	
  spectroscopic	
  work	
  needed	
  is	
  highly	
  demanding.)	
  	
  



•  Low-­‐energy	
  quadrupole	
  vibra@onal	
  structure	
  will	
  possess	
  
higher-­‐phonon	
  states:	
  

	
  	
  	
  	
  	
  a).	
  What	
  is	
  the	
  evidence?	
  
	
  	
  	
  	
  	
  b).	
  Failure	
  to	
  observe	
  clear	
  cases	
  is	
  some@mes	
  aNributed	
  to	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  mixing	
  and	
  fragmenta@on	
  of	
  E2	
  strength.	
  
	
  	
  	
  	
  	
  c).	
  How	
  to	
  experimentally	
  test	
  for	
  fragmenta@on	
  of	
  strength:	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (i).	
  Life@me	
  and	
  branching	
  ra@o	
  measurements.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (ii).	
  Mul@step-­‐Coulomb	
  excita@on	
  measurements.	
  

Higher-­‐phonon	
  states	
  



110Cd:	
  expected	
  3-­‐phononè	
  2-­‐phonon	
  
transi@ons	
  not	
  all	
  observed	
  

TRIUMF EEC Update on Research Proposal Update of Proposed Research for Experiment #:1288

200 600 1000 1400
E  (keV)

0

100

200

300

400

C
ou

nt
s p

er
 k

eV

29
6

51
1

65
8

81
5

88
5

11
26

14
21

110In  110Cd +/EC decay

Gate: 1397 : 3475-keV (1+)  2079-keV 0+

60
3?

Figure 3: Portion of the γ-ray spectrum in coincidence with the 1397-keV γ ray decaying from a
I = 1 level at 3475 keV to the 2079-keV 0+4 level. The γ ray are labeled by their energies in keV.
Of note are the relative intensities of the 295 and 1421-keV γ rays. The position of a hypothetical
603-keV 0+4 → 2+2 γ ray is indicated.

2 Study of 106,108Cd

Motivated by our studies [8] of the stable Cd isotopes, Próchniak, Quentin, and co-workers have
initiated calculations using the adiabatic time-dependent Hartree-Fock-Bogoliubov approach with
the Skyrme interaction SIII. In their calculations, they generate both the potential energy and mass
parameters for the Bohr Hamiltonian [12]. The potential energy surfaces for the 106−116Cd isotopes,
in general, have a minimum with β near 0.2, and are prolate with γ close to zero, although there is a
weak γ dependence [12], as shown in Fig. 4. Non-zero quadrupole moments are calculated which are
typically somewhat larger than the experimental values. Further, as outlined in the original proposal,
shell model calculations have been undertaken by Heyde and co-workers, expanding on their earlier
work on the lighter Cd isotopes [10] that may explain the underlying microscopic nature of the states
[11].

For reference, we repeat the 106,108Cd level scheme figures from the original proposal that highlight
the known, and unobserved, γ-ray transitions amongst the low-lying levels. Since the 2p−4h intruder
states are at higher energies in these isotopes than in 110Cd, the influence of any mixing between
the intruder and non-intruder states will be even weaker than that in 110Cd. Observation, or limits
of, the heretofore unobserved transitions are vital to deduce the structure, and especially to assess
and contrast the vibrational or γ-soft interpretation of the levels. It has to be stressed that while our
data on 110Cd, and the systematics across 110−116Cd strongly favor a γ-soft interpretation, all of these
have low-lying intruder bands that could obfuscate the picture. In 106,108Cd, the intruder states are
at a much higher energy, and thus any residual mixing effects are severely reduced. This makes the
determination of the underlying structure, and any theoretical calculations, much simpler. In 108Cd,
for example, the observation of the 119-keV 0+ → 2+ transition becomes key to determine if 108Cd
potentially has γ-soft character.
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2 Study of 106,108Cd

Motivated by our studies [8] of the stable Cd isotopes, Próchniak, Quentin, and co-workers have
initiated calculations using the adiabatic time-dependent Hartree-Fock-Bogoliubov approach with
the Skyrme interaction SIII. In their calculations, they generate both the potential energy and mass
parameters for the Bohr Hamiltonian [12]. The potential energy surfaces for the 106−116Cd isotopes,
in general, have a minimum with β near 0.2, and are prolate with γ close to zero, although there is a
weak γ dependence [12], as shown in Fig. 4. Non-zero quadrupole moments are calculated which are
typically somewhat larger than the experimental values. Further, as outlined in the original proposal,
shell model calculations have been undertaken by Heyde and co-workers, expanding on their earlier
work on the lighter Cd isotopes [10] that may explain the underlying microscopic nature of the states
[11].

For reference, we repeat the 106,108Cd level scheme figures from the original proposal that highlight
the known, and unobserved, γ-ray transitions amongst the low-lying levels. Since the 2p−4h intruder
states are at higher energies in these isotopes than in 110Cd, the influence of any mixing between
the intruder and non-intruder states will be even weaker than that in 110Cd. Observation, or limits
of, the heretofore unobserved transitions are vital to deduce the structure, and especially to assess
and contrast the vibrational or γ-soft interpretation of the levels. It has to be stressed that while our
data on 110Cd, and the systematics across 110−116Cd strongly favor a γ-soft interpretation, all of these
have low-lying intruder bands that could obfuscate the picture. In 106,108Cd, the intruder states are
at a much higher energy, and thus any residual mixing effects are severely reduced. This makes the
determination of the underlying structure, and any theoretical calculations, much simpler. In 108Cd,
for example, the observation of the 119-keV 0+ → 2+ transition becomes key to determine if 108Cd
potentially has γ-soft character.
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FIG. 4. (Color online) Cumulative sum of the observed, and
upper limits of a) B(E2; 2+ → 0+3 ), b) B(E2; 2+ → 2+2 ), c)
B(E2; 2+ → 4+1 ), and d) B(E2; 2+ → 2+3 ) values (in W.u.)
vs. excitation energy. The expected harmonic oscillator (HO)
values are indicated, together with the results of IBM-2 cal-
culations.

levels, these adjustments resulted in only minor changes
in energy and transition rates from those published [15].
Results from these calculations are also plotted in Figs. 3
and 4. The IBM-2 calculations predict that a 0+ state
near 2 MeV, having the character of the three-phonon
level, has a strongly enhanced B(E2) value to the 2+

two-phonon level. Additional mixing causes the strength
to fragment, but the sum remains relatively constant;
by forcing a two-phonon triplet of levels near 2 × E2+

1
,

higher-lying 0+ states with enhanced E2 transitions to
the two-phonon 2+ state appear to be unavoidable.
Examining the results for the 2+ levels, as shown in

the panels a)–c) of Fig. 4, it is seen that the IBM-2 cal-
culations are in agreement with the upper limits estab-
lished for the decay to the 4+1 and 2+2 two-phonon lev-
els, and are in very good agreement with the observed
E2 strength to the 0+3 level. This excellent agreement
is deceiving, however, because it results from mixing of
the normal phonon and intruder states. The partial can-
cellation of the collective matrix element for 2+ → 2+2
transitions would have to result from destructive interfer-
ence, with the consequence that other transitions become
greatly enhanced from constructive interference. This is
shown in panel d) where the IBM-2 predictions for the
E2 strength to the 2+3 intruder band member are a factor
of 7 larger than the observed sum. Combined with the
consistently small B(E2; 0+3 → 2+1 ) values in 110−114Cd
(# 1 W.u.) and B(E2; 0+2 → 2+1 ) value in 116Cd ($ 1
W.u.) [18] that required extreme fine-tuning of mixing
matrix elements, it is concluded that the mixing between
the phonon and intruder states is not the mechanism re-
sponsible for the disappearance of the multi-phonon 0+

and 2+ E2 strength [20].
The current data provide severe constraints on collec-

tive models – either the Cd isotopes are not vibrational,
despite their E4+

1
/E2+

1
≈ 2 and large B(E2) values of

the low-lying states, or they possess an extreme anhar-
monicity such that the 0+ and 2+ three-phonon strength

is pushed above 5h̄ω2 while the 3+, 4+, and 6+ three-
phonon states remain at 3h̄ω2. The more likely scenario
is that the low-lying levels in the Cd isotopes are not
vibrational in origin. This observation raises some seri-
ous questions. If some of the best examples [6] of nuclei
exhibiting quadrupole surface vibrations are not actually
vibrational, where are the quadrupole vibrations? Are
the only true examples of quadrupole vibrational motion
associated with the giant modes? What are the natures
of other surface vibrational modes, e.g., octupole, that
appear in the low-excitation region? To address these
questions, additional experimental studies achieving high
sensitivity, as demonstrated here, are required, together
with measurements of level lifetimes or key transition
rates.

In summary, the 8π spectrometer at TRIUMF-ISAC
has been used to observe or establish upper limits on
branching ratios of transitions from all known 0+ and
2+ states in 112Cd below 3 MeV. Upper limits on B(E2)
values to the lower-lying two-phonon and intruder states
are determined, providing an unprecedented view of the
collectivity of a “vibrational” nucleus. The data show
that the B(E2) strengths from the 0+ and 2+ levels are
well below those expected for the harmonic vibrator, and
further, the strengths are not fragmented amongst levels
below 5h̄ω2. The absence of strength cannot be properly
accounted for in IBM-2 calculations by assuming mixing
between normal phonon states and intruder excitations.
It is thus concluded that the Cd isotopes, hitherto de-
scribed as among the best examples of nuclei possessing
low-lying quadrupole vibrational states, cannot be de-
scribed by this simple collective mode.
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sharp or diffuse Fermi surfaces depending on the strength of
pairing correlations and the proximity of shell (or subshell)
energy gaps. However, the details presented in the foregoing
sections reveal that excited 0þ states can be the result of the
interplay of important interactions which may produce struc-
tures different from the ground state. In this section we
present a perspective on 0þ states which shows that much
work needs to be done to achieve a unified perspective.

The structure of singly closed shell nuclei is well described
by the seniority pair-coupling scheme when it is dominated
by a single-j subshell [see, e.g., Talmi (1993) and Rowe and
Rosensteel (2001)]. However, when there are multiple active
j subshells, the simple seniority scheme will in general be
modified in a major way. The examples of 68Ni and 90Zr are
shown in Figs. 49 and 50, respectively. It is clear from the
systematic of the seniority-two states that the ground state
and first-excited 0þ state in each case result from strong
mixing of two underlying 0þ configurations. This is because
each of these nuclei possesses a j ¼ 1=2 configuration close
to the Fermi energy. A j ¼ 1=2 pair can only have seniority
zero and so the seniority-two states form a uniformly spaced
multiplet.

The situations shown in Figs. 49 and 50 can be misinter-
preted if the energies of the 2þ states are used to deduce

structure: A naive conclusion would be that 68Ni and 90Zr
have (weak) doubly closed shell character because of the high
2þ energies. One must then conclude from the energies of the
first-excited 2þ states in neighboring nuclei (which are sig-
nificantly lower) that the closed subshell structure collapses.
The answer is clear from Figs. 49 and 50: the j ¼ 1=2 orbital,
which is nearly degenerate with the higher-j orbital, is re-
sponsible and there is not an energy gap as would occur for a
doubly closed shell. Further discussion of the structure of
68Ni and 90Zr, particularly the 0þ state at 2512 keV in 68Ni,
can be found in Pauwels et al. (2010). The nuclei 14C, 14O,
146Gd and probably 24O are other examples where j ¼ 1=2
orbitals produce unusually high first-excited 2þ state ener-
gies. [The nucleus 24O has recently received attention
(Hoffman et al., 2009; Janssens, 2009; Kanungo et al.,
2009) as a potential new doubly closed shell candidate.]

Nuclei adjacent to closed shells have been conventionally
viewed as spherical and soft with the consequence that first-
excited 0þ states in such nuclei are regarded as two-phonon
quadrupole vibrational excitations. In the event that the first-
excited 0þ state is a deformed intruder state, then the view is
that the second-excited 0þ state is the two-phonon state. The
Cd isotopes have been adopted as a textbook example of this.
Recent experimental work, reviewed by Garrett and Wood
(2010), revealed that the 0þ states in 110;112;114;116Cd, long
held to be two-phonon vibrational states, do not exhibit the
strong two-phonon to one-phonon BðE2Þ strengths character-
istic of a quadrupole vibrator. Failure of the vibrational
description of these isotopes also at the three-phonon level
leads to the conclusion (Garrett and Wood, 2010) that the
description is inapplicable. This raises the question: What is
the nature of the 0þ states in 110;112;114;116Cd that have been
interpreted as two-phonon states? A likely answer comes
from (3He, d) one-proton transfer (Auble et al., 1972) which
strongly populates this 0þ state in 110Cd. This suggests that
these states involve a different proton pair distribution rela-
tive to the ground state. Based on the ground-state configu-
rations of the 107;109Ag target nuclei, this is likely due to the
2p1=2 and 1g9=2 proton orbits forming separate 0þ

configurations.
The data presented in Secs. III.A and III.B illustrate a wide

range of examples where caution needs to be exercised in the
interpretation of excited 0þ states in nuclei. An overview of
0þ states is presented in Tables IV and V: They show hQ2i
values, constructed from E2 matrix elements obtained by
multistep Coulomb excitation, where data are available for
ground and excited 0þ states in doubly even nuclei. Values of
hQ2i for excited 0þ states different from ground states could
be interpreted as due to vibrational fluctuations. However,
results in the Cd isotopes (Garrett and Wood, 2010) and in the
N ¼ 90 isotones [see Sec. III.A.4 and Kulp et al. (2008)]
show no evidence for vibrations and strongly suggest that a
broader view is necessary.

An important spectroscopic fingerprint that needs to be
widely employed in the interpretation of excited 0þ states is
E0 transition strengths. The strength of E0 transitions gives a
model-independent view of the mean-square radii of the 0þ

configurations underlying the transition (Wood et al., 1999).
It also provides a measure of the mixing strength of the
configurations (see Sec. III.A.1). These are both fundamental
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B42 :¼ BðE2; 4þ ! 2þÞ=BðE2; 2þ ! 0þÞ and Eð4þÞ=Eð2þÞ plot-
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Nuclear Data Sheets.
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1.7 Low-energy collective structure in doubly-even nuclei

Table 1.1: Some nuclei which exhibit characteristics of near-harmonic
quadrupole vibrational behaviour. The boxes highlight the best cases of
R4 := (E(4+1 )°E(0+1 ))/(E(2+1 )°E(0+1 )) º 2.00, near-degenerate two-phonon
triplets, and very small B(E2; 2+2 ! 0+1 )/B(E2; 2+2 ! 2+1 ) ratios (denoted by
B2

2

0
1

/B2
2

2
1

). (The notation 1.22, for example, is used for 1.2 ± 0.2.) (The
data are taken from Nuclear Data Sheets.)

Isotope R4 E(0+2 ) E(2+2 ) E(4+1 )
B2

2

0
1

B2
2

2
1

B4
1

2
1

B2
1

0
1

B2
2

2
1

B2
1

0
1

B0
2

2
1

B2
1

0
1

62Ni 1.99 2048 2302 2336 0.045 ° ° °
80Kr 2.33 1321 1256 1436 0.012 1.22 0.71 °
82Sr 2.32 1311 1176 1328 º 0.006 2.35 ° °
98Ru 2.14 1322 1414 1398 0.022 0.41 1.45 °
104Pd 2.38 1334 1342 1324 0.055 1.42 0.61 0.41

106Pd 2.40 1134 1128 1229 0.027 1.61 1.01 0.81

108Pd 2.42 1053 931 1048 0.011 1.52 1.41 1.11

110Pd 2.46 947 814 921 0.014 1.72 1.02 0.61

118Te 1.99 957 1151 1206 >0.006 ° ° °
120Te 2.07 1103 1201 1162 0.026 ° ° °
122Te 2.09 1357 1257 1181 0.011 ° ° °

state, at 2.62 MeV, has Iº = 3° and the second excited state, at 3.20 MeV, has
Iº = 5°. These states are interpreted as collective octupole and collective 25-pole
states, respectively. (It is instructive to compare and contrast the results of Figure
1.52 with those of Figure 1.25.)

Systematic study of low-energy excitations in nuclei using inelastic scattering
of electrons and light ions reveals that octupole vibrations are the best-defined
multipole mode after quadrupole vibrations. Figure 1.53 illustrates the systematics
of the excitation energies of the lowest-lying collective 3° states in selected regions
of the mass surface (the nuclei excluded from Figure 1.53 are those with strongly-
deformed ground states with N > 90, Z < 78 (Pt) and Z > 92 (U). Figure 1.54
illustrates the systematics of octupole transition strength to 3°1 states for all known
cases.

A number of features are notable in Figures 1.53 and 1.54

(i) Octupole vibrations lie much higher in energy than quadrupole vibrations
(except in some doubly-closed-shell nuclei, such as 208Pb). (The two regions
of low-lying 3°1 states evident in Figure 1.53 are discussed in the following
section because they are regions of large ground-state deformation.)

61

R&W	
  
Table	
  1.1	
  



Results	
  of	
  search	
  of	
  Jean	
  Kern	
  et	
  al.	
  for	
  U(5)	
  

N -  40 ~ 42 44 

J. Kern et al. ~Nuclear Physics A 593 (1995) 21-47 

Z= 54 Xe 

52 Te 

,~ 1,81 50 

48 

46 

44 

42 

84 S¢ 38 

Se 

27 

Cd 

Pd 

Fig. 2. Portion of the nuclear chart near N or Z = 50 showing the nuclei (except 152Gd and 154Dy) considered 
in the present survey. The marked boxes indicate those isotopes considered as the best candidates for a U(5) 
symmetry structure. 

NP, is only equal to 3. The average deviation A is acceptable (A = 62 keV) but the 
quality factor Q is rather poor. In view of the difficulties regarding two levels of the 
quintuplet, the nucleus does not appear to be a good U(5) candidate. This conclusion is 
supported by Cottle et al. [21] who do not support the identification of a quasi-7-band. 
These authors propose, instead, the existence of a a rotational band built on a deformed 
coexisting 0 ÷ state at 854 keV. 

The 765e fit including NL = 11 levels gives a poorer result ( d  = 70 keV). Relatively 
large deviations are registered for the 3~- and 4~- 3-phonon levels and for the 4-phonon 
states. In addition the 0~- level has not been observed. Although a possible U(5) 
interpretation can be considered, it will probably not be a good example. 

There are different views in the literature about the structure of this nucleus. Kaup et 
al. [23] claim that the 0~- level is not a member of the two-phonon triplet. In their 
analysis of even Se isotopes, Erokhina et al. [24] concluded that the 0~- level has an 
axially deformed shape, confirming the view that this level is not vibrational. Conse- 
quently, the nucleus cannot be regarded as having a U(5) structure. As pointed out by 
Lipas [25], this is a classical example of deceitful structure appearance. In contrast, 
Vervier et al. [26] claim the approximate validity of a U(5) symmetry for 76Se. This 
description of the nucleus was also successfully used for the interpretation of the levels 
in 75As and in 76As [27] in the framework of IBFM and IBFFM, respectively. Similarly, 
it is suggested by Giannatiempo et al. [28] that the 0~- level of the close lying isotope 

Kern,	
  GarreN,	
  Jolie,	
  Lehmann	
  NP	
  A593	
  	
  21	
  	
  1995	
  	
  	
  

N	
  =	
  50	
  

Z	
  =	
  50	
  



Coulex	
  view	
  of	
  a	
  quadrupole	
  vibra@onal	
  
nucleus?	
  

February 4, 2010 12:18 WSPC/Book Trim Size for 9.75in x 6.5in rw-book975x65

1.7 Low-energy collective structure in doubly-even nuclei
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Figure 1.50: (a) Spectra of gamma
rays emitted following the Coulomb
excitation of 110Pd with a beam of
58Ni ions. The transitions are la-
belled by the spins of the initial and
final states; a subscript, e.g., 21, in-
dicates the first I = 2 state, etc. (cf.
Figure 1.48c). (The figure is taken
from Svensson L.E. (1989), Ph.D.
thesis, Univ. of Uppsala). (b) The
low-lying states in 108,110Pd and the
E2 reduced transition strengths de-
duced from Coulomb excitation with
beams of 16O, 58Ni, and 208Pb.
Thick vertical bars indicate strong E2
transitions, thin vertical lines indi-
cate weak E2 transitions. Levels are
grouped into “phonon” multiplets, la-
belled by n. In a harmonic vibra-
tor model, the transitions labelled by
stars would be forbidden. Transitions
labelled by solid circles are forbid-
den in the simplest harmonic vibrator
models but can be accommodated us-
ing a modified E2 operator (this will
be discussed in Volume 2). The hori-
zontal bars with vertical arrows indi-
cate excitation energies in 108,110Pd
above which levels have been omit-
ted. (The data are from Svensson
L.E. et al. (1995), Nucl. Phys. A584,
547; Svensson L.E. (1989), Ph.D. the-
sis, Univ. of Uppsala; and Nuclear
Data Sheets.)

1.50. The pattern of equi-spaced multiplets of degenerate multi-phonon states ex-
pected for a harmonic quadrupole vibrator deteriorates progressively with increasing
excitation energy in these nuclei. However, multi-phonon (¢n > 1) transitions are
strongly hindered, indicating that even at the three-phonon excitation level, the
states retain some characteristics of a harmonic quadrupole vibrator.

A subtle point may be noted in Figure 1.50: the 22 ! 01, ¢n = 2 transition is
clearly seen in the gamma-ray spectrum at 814 keV (as also is the 23 ! 21, ¢n = 2
transition at 840 keV). This is because the gamma-ray spectrum reflects the spon-
taneously radiating de-excitation paths, not the Coulomb-field induced excitation
paths, and spontaneous emission of electric quadrupole radiation is enhanced by a
phase space factor (¢E)5 (cf. Appendix, Equation (B.4)). For this reason a number
of strongly collective low-energy transitions are not seen in the gamma-ray spec-
trum; their ¢E values are too small. (The strengths of such transitions are deduced
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2.3 Solvable submodels of the Bohr collective model

Table 2.2: Electric quadrupole properties of the 106,108,110Pd isotopes compared with
those of a harmonic spherical vibrator. The quantities tabulated are B(E2) ratios, e.g.,
b4

1

2
1

¥ B(E2; 41 ! 21)/B(E2; 21 ! 01) and quadrupole moments, Q(Li) as defined in the
text, in units of e·b, where |Lii denotes the i’th lowest state of angular momentum L. The
data are taken from Svensson L.E. (1989), Ph.D. thesis, Univ. of Uppsala and Svensson
L.E. et al. (1995), Nucl. Phys. A584, 547.

106Pd 108Pd 110Pd

th. expt. expt.
th. expt. expt.

th. expt. expt.
th.

b4
1

2
1

2 1.72 0.86 1.55 0.78 1.64 0.82
b2

2

2
1

2 0.93 0.47 1.02 0.51 0.88 0.44
b0

2

2
1

2 1.03 0.52 1.08 0.54 0.52 0.26
b2

2

0
1

0 0.02 0.01 0.01
b6

1

4
1

3 2.16 0.72 2.05 0.68 1.97 0.66
b4

2

4
1

1.43 0.56 0.39 0.61 0.43 0.58 0.41
b4

2

2
2

1.57 0.85 0.54 1.11 0.71 0.62 0.39
b3

1

4
1

0.86 0.14 0.16 ° ° 0.23 0.27
b3

1

2
2

2.14 0.41 0.19 0.52 0.24 0.46 0.21
b2

3

2
2

0.57 0.25 0.44 0.11 0.19 0.26 0.46
b2

3

0
2

1.4 0.93 0.66 1.54 1.10 1.41 1.01
b2

3

4
1

1.03 0.13 0.12 1.12 1.09 1.06 1.03
b0

3

2
2

3 0.34 0.11 0.12 0.04 0.95 0.36
b4

2

2
1

0 2£ 10°4 4£ 10°3 3£ 10°3

b3
1

2
1

0 0.01 0.01 7£ 10°3

b2
3

0
1

0 3£ 10°3 2£ 10°3 6£ 10°3

b2
3

2
1

0 0.01 0.03 0.02
b0

3

2
1

0 0.06 0.01 0.04
Q(21) 0 °0.72 °0.83 °0.87
Q(22) 0 +0.52 +0.73 +0.70
Q(41) 0 °1.02 °0.82 °1.6

possess significant static deformations. We take these results as an indication that,
while collective quadrupole vibrations are potentially an important component of
the dynamics of spherical and near spherical nuclei, there is little evidence to sug-
gest that the vibrations are harmonic. In fact, it appears likely that collective
vibrational states are not only anharmonic but that multi-phonon states also mix
strongly with other, non-collective, states of nuclei.

2.3.2 The Wilets-Jean submodel

A complication in solving the Schrödinger equation for a Bohr model Hamiltonian

Ĥ = ° ~2

2B
r2 + V (Ø, ∞) (2.102)

with an arbitrary potential energy V (Ø, ∞), arises from the coupling between the
several degrees of freedom. Because of rotational invariance, the potential V̂ is
independent of ≠ (the orientation angles). A major simplification, observed by
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